
 

DEPARTMENTOFBASICSCIENCE 
ENGINEERINGMATHEMATICS-III 

 

 

 
 

Preparedby:-SUMITRA SAHU 

 
RAJAKISHORE CHANDRA ACADEMYOF TECHNOLOGY 

NILGIRI,Balasore(Odisha) 

 

 

 



CONTENT 
 

 

 

 

 

CHAPTER–1 MATRICES 2–7 

CHAPTER–2 COMPLEXNUMBER 8-10 

CHAPTER–2 LINEARDIFFERENTIALEQUATION 11-24 

CHAPTER–3 LAPLACETRANSFORMATION 25–42 

CHAPTER–4 FOURIERSERIES 43–52 

CHAPTER–5 FINITEDIFFERENCE&INTERPOLATION 53–64 

CHAPTER–6 NUMERICALSOLUTIONOFEQUATION 65–71 



 

2 EngineeringMathematics–III 

 

 

 

 

 

CHAPTER–1 

 

                           MATRICES 

 
Minor – Minoristhe determinatevalue which isobtainedby deleting row& coloumnof the 

particular element and denoted by the symbol ........... , i-rows j-coloum. 
 

 é2  1 3ù ê4-2
ú 

8 
Ex:ê    ú 

 ê5  6 1ú 

 ë   û 

M 
21 

 1 3 11817 

= 6 1  

M 
32 

    

 2 3 16124 

= 4 8  

Upper triangular Matrix –A matrixis said to be uppertriangularif the elements below 

the main diagoned are zeros. 

é1 59ù 
ê ú 

Ex.ê0 37ú 

ê0 08ú 

ë û 

Elementary transformations: – The followingoperationsthree of which refer to rows are 

known as elementary transformations. 

I. Theinterchangeofanytworows(Rij) 

II. Themultiplicationofanyrowbyanon-zeroscalar(kRi) 

III. The additionof aconstantmultiple of the elementsof any rowto the corresponding 

elements of any other row (Ri + kRj) 

Equivalent matrix – Two matricesA and Baresaidto be equivalentif one can be obtained from 

theotherby asequenceof elementarytransformations. 

Rankofamatrix:Amatrixissaidtobeofrank‘r’if 

(i) Ithasatleastonenon-zerominoroforder‘r’ 

(ii) Everyminoroforderhigherthan‘r’varishes. 

TherankofamatrixAshallbedenotedbythesymbole(A). 
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WorkingRule : 

Step–I:Converthematrixtotheuppertriangularform. 

Step–II:Theno.ofnon-zerorowsistherankofthematrix 

Example–1: 

 

Findtherankofthematrix 

é3ê- 
ê 

ê-3 

-1 2úù 
624 

ú 

12ú 

Solution: 

ë û 

 
é3 -1 2ù 
ê ú 

A=ê-6 2 4ú 

ê-3 1 2ú 

ë   û 

é3 -12ù 
ê ú 

~ ê
0 

0 8ú®R +2R 
ê-3 1 2ú 2 1 

ë û 

é3-12ùê 
ú 

~ ê0 0 8ú 

ë
ê004

û
ú
R3R1 

é3-12ùê 
ú 

~ ê
0 

0 8ú 
ê000ú 

ë û2R3R2 

r(A)=2 

Consistency :A systemof equatiars are said to be consistent if eitherthey will have unique 

solutiononmanysolutionandsidtobeinconsistentiftheywillhavenosolution. 
 

2x+3y=8 x+2y=5 x–y=10 

x–2y=4 2x+4y=10 3x–3y=15 

(uniquesolution) (manysoluion) (Nosolution) 

Consistencyofa systemoflinearequations:- 

Considerasystemofmlinearequations 

 
a11x1+a12x2+........+a1xxn=b1 ü 

ax+ax 
211 

+........+ax =bï 
2xn 2ï 

. ................................................. ý 

. .................................................ï 
ï 

am1x1+am2x2+......+amnxn=bmï 

þ 

. ... (1) 

2 



 

b1 

 

b2 

bm 

ú 
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Containingthenunknowsx,x.............. x. 
12 n 

Writingtheaboveequationsinmatrixformweget. 

a 
éa11a12 .................. 1nù 

êa a.......a ú 
ê 2122 2n ú 

A=ê ............................... ú,B = 
ê
 ............................... 

ú 
ê ú 

êa  a.......a 

 úë m1 

 m2 mnû 

C=A B 

 

éa11a12......a1n .................... b1ù 

êaa......a.......................bú 
ê 21 22 2n 2ú 

ê. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ... 

ê ú 
ë û 

êam1am2......amn...bmú 

A is the co-efficient matrix and 

C is called agumented matrix 

Rouche’sTheorem:(Without proof) 

The systemof equations (1)is consistantif andonlyif the co-efficientmatrixA and the 

augmentedmatrixCareofsomerankotherwisethesystemisinconsistent. 

Proceduretotesttheconsistencyofasystemofequationsinxunknows. 

Findthe ranksofthe co-efficientmatrixA andthe augmentedmatrix‘C’by reducingto the 

uppertriangularformby elementary rowoperations. 

(a) Consistantequations:IfRankA=RankC 

(i) UniquesolutionRankA=RankC=n 

Wheren=numberof unknowns. 

(ii) Infinitesolution:RankA=RankC=r.r<n. 

(b) InconstantequationsifRankA¹RankC 

Example–2: 

Showthattheequations 

2x+6y=–11,6x+20y–6z =–3,6y–18z=–1arenotconsistant. 

Solution: 

Writingtheaboveequationsinmatrixform 

é26 0ùéxùé-11ù 
ê úêú ê ú 
ê
6 20-6úê

y
úê-3ú, AX=B 

ê0 6-18úêzúê-1ú 
ë ûëûë û 

A X B 

C= 



ê 

ê ú~ ê - ú 

ê ú 

ê ú 
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é2 6 0ù é-11ù 
ê -3ú 

A=620-6úB= 
ê ú ê ú 

ê0 6 -18ú ê-1ú 
ë û ë û 

C=[A:B] 

é ù é 

ê
26 0:-11 

ê
26 

-ù 
0:11 

C=620-6:-3 ú 02 6:30ú ®R2–3R1 

ê06-18:-1 ú ê06-18:-1 ú 

ë    û ë û 

é2 6 0 :-11ù 

~ê0 2-6 :30ú 
ê -ú 3 2 
ë û 

 

ê000: 91ú®R 

The rank of C is 3 

andrankofAis2 

RankA¹RankC. 

–3R 

\Thesystemofequationsarenotconsistant 

Example–3: 

Testconsistencyandsolve: 

5x + 3y + 7z = 4 

3x + 2by +2z = 9 

7x+2y+10z=5 

Solution: 

Writingtheaboveequationsinmatrixform 

é537ùéxùé 4ù 
ê ú êúêú 

ê32b2úê
y
úê

9
ú , AX=B,C=[A:B] 

ê7210úêzúê5ú 
ë û ëû ëû 

A X B 

 

 

 

 

é 3 7 4ù
1
R 

é53 7 :4ù ê
1 

5 1 

5 5 : ú 
ê 5 

C =ê 32b
ê7

2
210

:
:5
9
úú ~

7
ê3
21

2
0
b
:5

2ú :9ú 
 

ë û 

 

 
 

 

 

 

 
 

 

 

 

 
 

 

 

 

 
 

 

 

 
 

 

 

 

 
 

 

é 3 7 4 ù 
ê1 

5 5 
: 

5 
ú 

ê
ê  ú 

 

 

 

 

 

ë û 

ê 

ê 0121 -11: 

ú 
33

ú®R 2-3R1 
ê 5 5 5 ú 

~ê 
-11 1 -3

ú 

ê
0 5 5 : 5ú®R3-7R1 

ë û 



 

ú 

5 5 5 

ê 
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é 3 7 4ù 

1  
ê 5 5 
ê 121 -11 

: ú 
5 

33ú 
0   :  

~
ê 5 5 5ú ê

0 0 0 :0
ú 

1 
ê ú 

ê ú®R3+ RZ 

ë û 11 

Here Rank of A = Rank of C.Hence 

the equations are consistent. 

Buttherankislessthan3i.e.thenumberofunknows. 

Soitssolutionsareinfinite 

é 3 7ù é4ù 

ê
1  ú ê ú 

ê úéxù ê ú 
ê
0

121 -11úêúê 33ú 

ê 55úê 
y
ú 

=ê5úê 

 úê zúêúê000úëûê0úê 

 ú êú 

ë û ëû 

x+
3

y+
7

z=
4 

   

5 5 5 

121
y-

11
z=

33
or11y–z=3 

   

555 

Letz=k,11y–k=3 ory=3+k 

1111 

3é3 
x+ ê  

kù 7 4 
+ ú+ k= orx= 

-16 7 
k + 

5ë11 11û 

Example–4: 

5 5 11 11 

Determinethevaluesofl&msothatthefollowingequationshave 

(i)nosolution(ii)auniquesolution(iii)infinitenumberofsolutions. 

x+y+z=6,x+2y+3z=10,x+2y+lz=m 

Solution: 

Writingtheaboveequationsinmatrixformwehave 

 
æ111öæxöæ6ö ç
 ÷ç÷ç÷ç123÷ç

y
÷

=ç10÷ 
ç ÷ç÷ç÷ 

 è2zløèzøèmø 

A X B 



1 
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\AX=B 

C=[A:B] 

é 
1 1:6

ù é1 1 1 : 6ù 

C =ê ú~ê 2 : 4 
ú
®RZ-R1 

ê12 3:10ú ê01 ú 

ê13 l:mú ê01 l-1:m-6ú 

ë û ë û®RZ-R1 

é1 
ê 

~ ê
0 

ê00 l-3:m-10úR3R2 

ë û 

(i) Thereisno,solution=br(A)¹r(C) 

i.e.l–3=0orl=3&m–10¹0orm¹10 

(ii) There is a unique solution if r(A) = r(C) = 3 

i.e.,l – 3¹ 0orl ¹ 3 andm have any value 

(iii) There are infinitesolution ofr(A) =r(C) = 2l– 

3 = 10 orl = 3 andm– 10 = 0orm= 10 

Assignments 
 

 

1. Findtherankofthematrix 
ë û 

 

2. Testtheconsistency&solve 4x 

– 5y + z = 2 

3x+y–2z=9 

x+4y+z=5 

3. Determine the values of a & b for which the system of 

equations 3x – 2y + z = b 

5x – 8y + 9z = 3 

2x+y+az=–1 

(i)hasauniquesolution(ii)hasnosolution(iii)hasinfinitesolution. 
 

 

rrr 

1 1 : 6 ù 
ú 

1 2 : 4 ú 

 

é1 23ù 
ê ú 

ê2 47ú 

ê3 6 10ú 
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CHAPTER–2 

 

LINEARDIFFERENTIALEQUATIONS 

Introduction: 

TheMathematicalformulationofmanyproblems in science,Engineeringand 

Econom-ics gives rise to differentialEquations. 

Forexample:Theproblemofmotionofasatellite 

l Theflowoffluids. 

l Theflowofcurrentinanelectriccircuit 

l Thegrowthofpopulation 

l TheConductionofheatinrodetcleadstodifferentialequations 

DefinitionofDifferentialEquation: 

A differential equation is an equation involving derivatives of one ormore 

dependentvariableswithrespecttooneormoreindependentvariables. 

TherearetwotypesofDifferentialEquation 

1. OrdinarydifferentialEquation 

2. PartialdifferentialEquation 

Example: 

(a) 
dyyx2dx 

(b) d
3
y3d

2
y2dyy0 

dx3 dx2 
dx 

¶uæ¶uö2 
(c) +ç ÷=4 

¶t è¶tø 

LineardifferentialEquation: 

Linear differential Equations are those in which the dependentvariable and its 

deriva-tivesoccuronlyin thefirstdegree and arenotmultipliedtogether. 

ThedifferentialEquationoftheform 
 

d
n
y dn1y 

 

dn2y 

dxnk1dxn1k2 
 

  

dxn2 kny =X ............................. (1) 
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IsknownaslineardifferentialEquationwithconstantcoefficients.Wherek,k ......................... k 
 12 n 

areconstant,Xisthefunctionofx. 

TherearetwotypesoflineardifferentialEquation 

1. HomogeneousLDE  

2. NonHomogeneousLDE  

HomogeneousLinearDifferentialEquation: 

IfRHSofEquation(1)isEqualtozerothenwegethomogeneousLDE. 
 

ie 
d

n
y 
k1 

dn1y 
k2 

dn2y 
 ...... kny=0 

dx n 
 

dx n1 
 

dx n2 

Wheref(x)isthefunctionof‘x’ 

ThegeneralsolutionformatofEquation(1)oftheform(C.S=C.F+P.I) 

WhereC.S.–CompleteSolution 

C.F–Complementaryfunction 

P.I–Particularintegral 

SocompletesolutionofEquationbecomes(y=C.F+P.I) 

Note -1:IncaseofHomogeneousLDE 

C.S=C.F[whereP.I=0] 

Note-2:IncaseofNon-HomogeneousLDE 

C.S=C.F+P.I 

Operator: 

d d2d3 
2 3 

Denoting , 
dydx dx2 

,
dx3 

.......byD,D,Detc. 

So that  Dy 

dx 

d
2
y 

 D2y 

dx2 

................ 

dny
Dny 

WhereD–Derivative 

1 

ThenD–Integration 

Then operator form of equation (1) 

becomesDny+K1Dn–1y+k2Dn–2y + +Kny=X 

Þ (Dn+k1Dn–1+k2Dn–2+.................. +kn)y=X 

ÞF(D)y=X........ (2)    

WhereF (D)=Dn+kDn–1 +k Dn–2 +........ +k offunctionD 
1 2   n  
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AuxiliaryEquation(AE) 

PuttingthecoefficientofyequaltoZeroinEquation(2)wegetanAuxiliaryEquation. 

i.e.F(D)=0 

i.e.Dn+k1Dn–1+k2Dn–2+ ................... +kn=0 

Depending valueof‘D’ inAuxiliaryEquation,complementaryfunctionare 

different types. 

Case-I:Ifrootsarereal&Different 

Letm1&m2aretworealrootsanddifferent 

i.e.m1¹ m2 

Then C.F = C1em1x + C2em2x 

Where C1,C2, arearbitrary constant 

Case-II:Ifrootsarereal&Equal 

Letm1&m2aretworeal roots&Equal 

i.em1=m2 

TheC.F=(C1+C2x)em1x 

Similarlyifm1=m2=m3(ThreerootsareEqual) 

ThenC.F=(C1+C2x+C3x2)em
1
x 

Case-III:IfrootsareComplexconjugate 

Let m1 = a ±ibare conjugate complex root 

Then C.F = eax {C1cosbx + C2sinbx} 

Case-IV:Iftwoconjugatecomplexrootsareequal 

Letm1=m2=a±ibareequal 

ThenC.F=eax{C1+C2x)cosbx+(C3+C4x)sinbx 

Example–1: 

 

 

 

Solution: 

 

Solve 
d2y8dy 

 
 

dx2 dx 

 

+15y=0 ........... (1) 

Theoperator fromofequation(1)becomes 

(D2–8D+15)y=0 

So Auxiliary Equation D2–

8D+15=0 

Þ (D–3)(D–5)=0 

Þ D=3,5 

ThenC.F=Ce3x+Ce5x 

 1 2 

SocompleteSolution 

y=Ce3x+Ce5x 
(Ans) 

1 2  

 



 


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Example–2: 

Solved
2
y6dy+9y=0 

dx2 
dx 

Solution:  

The operator from of given equation is 

(D2 – 6D + 9) y = 0 

ThenA.E D2–6D+9=0 

Þ (D–3)2=0 

Þ D=3,3 

C.F=(C+Cx)e3x 

1 2   

ThenC.Sy=(C +Cx)e3x (Ans) 
 1 2  

Example–3: 

Solve(D2+4D+5)y=0 

Solution: 
 

SoA.E D2+4D+5=0 

D
4 164.1.5 
 2.1 

44 

2 


42i 

2
i2 

ThenC.F=e–2x{C Cosx+CSinx}  
1 2  

SoC.Sy=e–2x{CCosx+CSinx} (Ans) 
1 2  

ProceduretofindingparticularIntegral. 

WeknowthatF(D)y =X 

Þ y
X 

FD

Depending upon natureof ‘X’, Particular integral are different types 

Case –1 : When X = eax 

eax 

Then P.I=FawhereD=a 
 

IfF(a)=0,Then PI
xeax 

providedF¢(a)¹0 
Fa

IfF¢(a)=0,ThenPI


x2eax 
 

Fa providedF²(a)¹0 
Andsoon.   



ev 

ï FDïFD
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Case–2:WhexX=sin(ax+b)orCos(ax+b) 

sinax+b
Then PI

=  PutD2=–a2 

FD
2 

 

ButnotD=–a 
 

Sinax+b

= F-a2providedF(–a2)¹0 

IfF(–a2)=0,TheaboveruleFails&Weproceedfurther 
 

xsin ax+b  

ieP.I
=  

F¢ -a2 ,ProvidedF¢(–a2)¹0 

Sinax+b
IfF¢(–a2)=0,ThenP.I =x2   ,Provided F²(–a2)¹0 

F¢¢-a2 

Andsoon 

Case–3:WhenX=eaxv,Wherev=functionof‘x’ 

ax 

ThenPI= 

F D 

ax 1 

e
FDa

v 

Similary when X = e–axv 

Then PI e 
ax

1 
v 

FDa 

Case–4:WhenX=xm(ie,x,x2,x3............................ ) 

=
xm 

–1m 

ThenPI =[F(D)]x 

FD 

ConvertF(D)into{1+F(D)}or{1–F(D)}bytakingDm 

(ifpossible).ThenbyusingBinomialTheoromwefindsolution. 

Case–5:WhenX=xv 

ThenP.I
xv 

FD
ï  ïv 
ì F¢Dü 

=íx- ý WhereF¢(D)istheDerivativeofF(D) 

î þ 



 

 

EngineeringMathematics–III 13 

 

Case–6:Whenx=isanyotherfunction 
 

 x      

ThenP.I

 

FD     

ConvertF(D)into(D– a)or(D+a)factorform 

 x    x  

Thenif

 

D e
axòXe

at
dx if D e

axòXe
at

dx 

Example–4: 

FindP.Iof(D2+6D+3)y=e2x 

Solution: 

P.I. 
e2x 

putD=a 

D26D3 

i.e.D=2 

ThenP.I. 
e2x 

(2)26(2)3 

  e2x 
e2 x 

(Ans) 

4 123  19 

Example–5: 

Solved3y  3d2 y 4ydy2ye x  cosx dx 3

 dx2 dx 

Solution: 
 

The operatorform ofgivenequation becomes (D3 

– 3D 2 + 4D –2) y = ex + cosx 

So A.E D3–3D2+4D–2=0 

ÞD – 1, 1 ± i 

ÞD=1, 1±i 

C.F=Cex+ ex{CCosx+ CSinx} 
1 2 3 

ThenPI 
e

x
cosx 

D33D2 4D2 

 ex   cosx  

D1D22D2D33D24D2 

ex cosx 
 

    

D1122 1D314D2 
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

 

ex  


cotx 

D1 3D1 

x
e

x cosx3D1

1 3D13D1
3Dcosx

xex   
cosx

9D21 

xex 





3sin 


x

cosx 

xex 
1
3sinxcosx

 

9110 

1 
 

SoC.Sy=C1ex+ex{C2cosx+C3sinx)+xex+10(3sinx+cosx} 

Example–6: 

FindtheP.I.of(D3+1)y=excosx+sin3x 

Solution: 
 

P.I.e
x
cosxsin3x 

D31 

e
x
 cosx sin 3x 



D1 


1 
3 D

2
D1 

 

ex cosx 


sin3x 

D33D23D2 9.D1 

e
x
  cos x sin3x 

D33D23D2 19D 

e
x
 cotx sin 3x 

D3(1)3D219D 

x    
cosx2D1 

e 2D12D1
sin 3 x 1  9D
 
1 9D 19D 

     

e
x2Dcosxcosx


sin3x9D sin3x4D21

 1 81D2 

x2sinxcosxsin3x27cos3x 

e
1118194 


ex2sinxcosx 

1
sin3x27cos3x (Ans) 

5 730 



Example–7: 
2 

dy 
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D 

Solve 

 

Solution: 

+9y= x cosx 

dx2 

The operator form is (D2 + 9) y= x cosx 

So A.ED2 + 9 = 0 

Þ D2=–9 

Þ D=-9 

Þ D=±3i 

C.F = C1 cos3x + C2 sin3x 

Now P.I =
xcos x 

D2+9 

Here F (D) = D2 + 9 

F¢ (D) = 2D 

íì F¢Düý 

ThenPI=ïx     -FD ï  
V


ï ïF 

î þ 

ì 2Dücosx 

=íx- 2 ý 2 

î D+9þD +9 

ì 2 Dücosx 
=íx- 2 ý  

î D+9þ-1+9 

 

 

putD2=–1 

xcosx 

= 8 

Dcosx

-8D2+9

=xcosx+2sinx 

8 8´8 

=x cosx+sinx=4xcosx+ sinx 

8 32 32 

SoC.Sy=Ccosx+Csin3x+4xcosx+sinx (Ans) 
1 3 2 32 

Example–8: 
dy

2 

Solve 

 

Solution: 

+ 4y=x2 

dx2 

The operation form given equation becomes 

(D2 + 4) y = x2 

2 
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yò
y2xdxy y1xdx 

1 
w 

ò 
w 

2 

 

So A.E. D2+4=0 Þ

 D2=–4 

Þ D= 4 

Þ D=±2i 

C.F=C1cos2x+C2sin2x 

x2 
 

Then P.I= 

 

 
1æ 

æ D2ö2 

4ç1+ ÷x 

 

è 4ø 

D2ö1 

=ç1+ ÷ x2 

4è 4ø 
1ì D2 D2 ü2 

= í
1- + .........ýx byusingBinomialtheorem 

4î 4 16 þ 
1 ì

2
 D2

x2 D2 
2 ü 

 

=íx -  + 
x....
 ...... 

ý 

4î 4 16 þ 

1ì2 2 ü 
=íx - +0ý 

4î 4 þ 

1ì2x2-1ü 
= í ý= 

2x
2
-1 

 

4î 2 þ 8 

2x
2 

-1 
SoC.Sy=C Cos2x+Csin2x+ (Ans) 

1 2 8 

OtherMethodforfindingP.I: 

MethodofvariationofParameters: 

This method is applies to equations of the form 

y²+ py¢ + qy = x 

Wherep,q&xarefunctionofx. 

 

ThenP.I= 

 

Wherey1&y2are the solution of y²+py¢ + qy=0 of theform =c1y1+c2y2&w is called 

wronskian of y1& y2 

 

Calculatebyformulaw(y1,y2)




y1 y2 

y2y2



Example–9: 
2 

dy 
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Solve y= cosecx 

dx2 

Solution: 

The operator form of given equation is 

(D2 +1) = Cosecx 

So A.E D2 + 1 = 0 

Þ D2=–1 
 

ÞD= 10i       

C.F.=C1cosx+C2sinx 

Herey1=cosxy2=sinx 

W(y,y)
  

cosx 
 
sinx 

    

12  sinx cosx     

=cos2x+sin2x=1 

  sinx.cosecx sinx.cosecx 

ThenP.I cosxò  
1 dxsinxò  

1 dx 

    1   1  

 cosxòsinx. sinx dxsinxòcosx sinx dx 

cosxòdx  sinxòcotxdx 

=–cosx(x)+sinxlnsinx 

SoC.Sy=C1cosx+C2sinx+sinxInsinx–xcosx(Ans.) 

Partial DifferentialEquation 

Letz = f (x,y)be afunction containing two independentvariablex & yandz is the 

Dependent variable. 

Notation:Letz=f(x,y)beafunctionof x&y 

 

Then 

z 
 

 

xp 

2zr 

z 

yq 

2z 
2t 

x2 
y 

2zS 

xy 

FormationofPartialdifferentialEquation 

Apartialdifferentialequationcanbeformedby 

(i) Eliminatingarbitraryconstant. 

(ii) Eliminatingarbitraryfunction. 
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Example–10: 

Formapartialdifferentequationbyeliminatingfunction 
 

Z=f(x2+y2) ...(1) 

Solution: 

Differentiatingpartiallyw.r.t.x&yinequation(1)weget 

zfx2y22x(takingyasaconstant) 

x 
 

Þp=f¢(x2+y2).2x   ...(2) 

Similarlyq=f¢(x2+y2).2y   ...(3) 

p 
 

fx2y2.2x 

Dividing(2)&(3)weget q  fx2y2.2y 

p

xq y 

Þ py–qx=0 (Ans.) 

LinearEquationoftheFirstorder: 

A Linear partial differential equation of the 1st order is of the form 

Pp + Qq = R 

WhereP,Q&Rarefunctionof x,y,z. 

ThisequationalsoknownasLagrange’sLinearequation 

NOTE: 

Thegeneralsolutionof thelinerpartialdifferentialequationPp +Qq =Ris f(a, b) = 

0 

Ora=f(b) 

Orb=f(a) 

Wheref is an arbitraryfunction & u (x,y, z)= a&v (x,y,z) =bform thesolution of the 

equation 

dxdydzP

 Q R 

Thenthatcanbesolvedbytwomethods 

(1) MethodforGrouping 

(2) MethodforMultipliers 

Methodorgrouping: 

Take any twofractionfrom Subsidiary Equation such that the 3rdvariable is absentor it may 
be cancelled. 

dxdy 

ForexampletakeP Q(suchthatzmaybe absent) 



 

 

2 2 

2 2 2 
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AfterIntegrationwegetf(x,y)=a 

dydz 

SimilarlywetakeQ R 

AfterIntegationf(y,z)=b 

Sogeneralsolutionisa=f(b) 

or b=f (a) 

or f(a,b)=0 

MethodforMultipliers 

Let us choose the multiplier’s (P ¢, Q¢, R¢) such 

That PP¢ + QQ¢ + RR¢ = 0 

Then we write P¢dx + Q¢dy + R¢dz = 0 

On Integration we get f (x, y, z) = a 

Similarlychoosingthemultipliers(P²,Q²,R²)suchthat 

PP²+QQ²+RR²=0 

OnIntegrationwegetg(x,y,z)=b 

Sogeneralsolutionisa=f(b)orf(a,b)=0 

Example–11: 

Solvey2zp+z2xq=y2x 

Solution: 

ItisoftheformPp+Qq=R 

WhereP=y2z,Q=z2x,R=y2x 

SoitsS.E
dx


dy


dz 

yz zx yx 

Taking1stand3rdfraction,weget 

dx


dy
(Here3rdvariabley2iscancelled) 

yz yx 

Þ xdx=zdx 

Integratingbothsideswegetòxdxòzdz 

Þ x
2 

z
2 

c 
2 2 

Þ x2–z2=2c=a 

Similarlytaking2ndand3rd 

i.e.dy


dz 

z2x y2x 

Þ y2dy=z2dz 
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Such thatx y z 

 

Integratingbothsidesweget 

Þ 
y3


z3 
c1 

33 

Þ y3–z3= 3c1=b 

Sogeneralsolutioninx2–z2=f (y3–z3) (Ans.) 

Example–12: 

Solvex(z2–y2)p+y(x2+y2)q=z=(y2–x) 

Solution: 

It is the equation of the form 

Pp + Qq = R 

WhereP =x(z2–y2)Q=y(x2–z2)R=z(y2–x2) 
 

 dx  dy  dz 

SoitsS.Eis xz2y2 yx2z2  zy2x2
Letuschoosemultipliers(x,y,z)i.eP¢=x,Q¢=y,R¢ 

=zSuchthatx.x(z2–y2)+y.y(x2–z2)+z.z(y2–x2) 

=x2z2–x2y2+y2x2–y2z2+z2y2–z2x2 

=0 

Then we write xdx + ydy + zdz = 0 

On integration we set 

x2y2z2c 
2 2 2 

Þx2+y2+z2=2c=a 

 
Againchoosethemultipliersç 

æ11 
 , 

1ö 1 1 1 
,  ÷ieP²= ,Q²= , R² =  

èx yzø x y z 

1
xz2y2

1
yx2z2

1
zy2x2



=z2–y2+x2–z2+y2–x2=0 
 

 1  1  1  

Then x dx+ y dy+ z dz=0 

Onintegrationweget 

logx + logy+ logz = logb 

Þ log (xyz) = logb 

Þ xyz=b 

Sogeneralsolutioninx2+y2+z2=f(xyz) (Ans) 
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Assignment 
Solvethefollowings: 

 

1. d2y 3 dy 10y6e4x 

dx2 
 

  dx  

2. y¢¢+3y¢+2y=4cos2x 
 

3. d2y 2 dy yx2e
x 

dx2 
 

  dx  

4. (D2+a2)y=kcos(ax+b) 

5. (D–2)2y=8(e2x+sin2x) 
 

6. d3y d
2y 6 dy 1x2 

 dx3 dx2  dx  
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 ...(1) 

   

0 

 

 

 

 

 

CHAPTER–3 

 

LAPLACETRANSFORMS 

GAMMAFUNCTION: 

Thegrmmafunctionisdefinedas 

 

 ( n ) òexxn1dx,n0 

Itdefinesafunctionofnforpositivevaluesofn. 

Valueof G(1): 

Wehave, 

(1) exx0dx exdx |ex
| 1 

ò ò 
 0 

Hence,G(1)=1 ...(2) 

ReductionformulaforG(n): We 

have, 



(n1)òe
x

x
n
dx[Integratingbyparts] 

|x
n
e

x
|nòe

x
x

n1dx=0+nG(n) 

 

\G(n+1)=nG(n), ....(3) 

whichisthereducationformulaforG(n). 

UsingthereductionformulaforG(n),wecanwritethevalueofG(n)intheform, 

(n)
(n1) ................................................................... 

(4) 

n 

Thus (1) and (4) together give a complete definition of G(n) defined for all values of n 

except when n is zero or a negative integer and its graph isas shown in the followingfigure. 
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4 

3 

2 

 

 

 

 

 

VALUEOFG(n)INTERMSOFFACTORIAL 

Using G(n+ 1) = nG(n) successively, we get 

G(2)=G(1+1)=1× G(1)=1! 

G(3)=G(2+1)=2× G(2)=2×1=2! 

G(4)=G(3+1)=3×G(3)=3×2!=3! 
 

In general G(n + 1) = n!., provided n is a positive integer. 

Taking n = 0, it defines 0! = G(1) = 1 

Thus,G(n+1)=n! (forn=0,1,2,3......) ..............................(5) 

ValueofG
1 

2: 

Wehave, 

æ1ö x1/2 

Gç ÷= ex dx[Put x=ysothatdx=2ydy] 

è2ø ò 2 

=2ò
ey2dy,Which isalso=2ò

ex2dx 

 

é æ 1öù 2  (x
2
y

2
)       

\ êGç 
÷ú =4òò

e 
dxdy [Putx=rcosqandy=r sinq] 

ë è 2øû          

   


 


 
2 p r

2 éæ 1 
 
r 2öù 

 


 = 4 errdrdq=4× e rdr=2p=êç - e ÷ú =p 

  
ò ò

 
2ò

 
ëè 2 

 
øû 

 

0 

  1     

4   0 1 2 3 4 

   





4 


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p 

.p 

p 

2 2 

= 

 

æ1ö 
Hence

G
ç ÷

= 

è 2ø 

 

=1.772 .......................... (6) 

Example–1: 
 

æ3ö æ5ö æ1ö 
Gç ÷×Gç ÷×Gç ÷ 

Evaluate,è2ø è2 ø è2ø 

G(4).G(6).G(8) 

Solution: 
 

 
æ3ö æ5ö æ1ö 
Gç ÷×Gç÷

×G
ç ÷ 

Wehave,è2ø è2ø è2ø 

G(4).G(6).G(8) 

 
æ 1 öæ 3 ö 1æ1ö3æ3ö 

Gç +1÷×Gç +1÷×p ×Gç÷ ××Gç÷× 
è2 ø è2 ø  è2ø è2ø 

=G(3+1).G(5+1).G(7+1)= 3!.5!.7! 

æ1 ö 3 æ1ö 
p.3.Gç +1÷ p.Gç ÷ 

= è2 ø 2 è2ø 3pp 

4.3!.5!.7! 4.3!.5!.7!=8.3!.5!.7! 

=pp =pp 

 

Example–2: 

EvaluateG(–3.5) 

Solution: 

16!.5!.7!9676800 

 

 

 

G(n+1) 
We know that,G ( n)=  

n 

For all n expect n is zero or a negative integer. 

Now, we have, 

G(–3.5)=G(-3.5+1)=G(-2.5)=
G(-2.5+1) 

 

 

 

 

 

=
G(-1.5) 

-3.5 -3.5 (-3.5)(-2.5) (3.5)(2.5) 

=
G(-1.5+1) 

=
 G(-0.5) 

=
 G(-0.5+1)  

(3.5)(2.5)(-1.5) (3.5)(2.5)(-1.5) (3.5)(2.5)(-1.5)(-0.5) 

 

=
  G(0.5) 

=
  p =0.27 

(3.5)(2.5)(1.5)(0.5) (3.5) (2.5)(1.5)(0.5) 

\G(–3.5)=0.27 
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í 

 

Laplacetransforms : 

Definition: 

Let f (t) be a function of t definedforall positivevalues of t. Then the Laplace 

transformsof f(t),denotedby L{f(t)}is definedby 

L{f(t)}=òe
st

f(t)dt 

Providedthattheintegralexists. sisaparameterwhichmaybearealorcomplexnumber. 

L{f(t)}beingclearlyafunctionofsisbrieflywrittenasf(s). 

 

i.e.,L{f(t)}=f(s). 
 

Thisimpliesthat,f(t)=L–1{f(s)} 

Thenf(t)iscalledtheinverseLaplacetransformoff(s). 

Thesymbol L,whichtransformsf(t)intof(s),iscalledtheLaplacetransformationoperator. 

CONDITIONSFORTHEEXISTENCE: 



TheLaplacetransformoff(t)i.e.,òe
st

f(t)dtexistsfors>a,if 

(i)f(t)iscontinuous 

and(ii)limt®¥{e–atf(t)}isfinite. 

TRANSFORMSOFELEMENTARYFUNCTIONS: 

The directapplicationof the definitiongivesthefollowingformulae: 1 

(1) L{1}= s(s>0) 
 

ìn! 

(2) L{tn}=
ïsn1

 

ïG(n+ 
ï n1 

î s 

1 

 

,whenn=0,1,2,3,......... 

1),otherwise(s>0) 

 
 

(3) L{eat}=sa 

a 

(s>a) 

(4) L{sinat}= 

 

 

(5) L{cosat}= 

 
 

s2a2 

s 

s2a2 

a 

(s>0) 

 

 

(s>0) 

 
 

(6) L{sinhat}=s2a2 (s>|a|) 
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e 
(sa)t 

-(s-a ) 

est 

 

s2+a2 

est 

 

s2+ a2 

ë û 

 

 

(7) L{coshat}= 

PROOFS: 

s 
 

 

s2-a2 (s>|a|) 

 

 

st -est 1 

(1) L{1}=òe .1.dt=s 





=s,if s>0 
0 

 
  n 

n (2) L{t}=òe 
 stndt=òepæpö dp 

.t .ç ÷. ,onputtingst=p 

  èsø s 

1 

=sn1 



òep.pndp 

 

 

 

 

 

sn1 

=
G(n+1),ifn>–1ands >0 

 

 

Ifnisapositiveinteger, G(n+1)=n!.Therefore,L{tn}= 

 

 

 

n! 
 

sn1,ifs>0 

 

 

(3) L{e
at

}=òe
st

.e
at

dt=òe
(sa)tdt=dt= 

 








1 
=

s-a
, ifs>a 

 a 

(4) L{sinat}=òe
st

sinatdt= 






(5) L{cosat}=òest
cosatdt= 

(-ssinat-acosat) =2 2 

0 s+a 



s 
(-scosat+asinat) = 

,ifs>0 

 

 

 
,ifs>0 

0 

 

 

st 

 

 

stæeat-eatö 

 

0 s
2

+a2 

(6) L{sinhat} =òe 
sinhatdt=òe ç ÷dt 

0  è 2 ø 

1 é (sa)t (sa)t ù1é1 1 ù a 

= êòe dt-òe dtú= ê - ú= 2 2 ,fors>|a| 
2 

  
2ës- as+aû s-a 

 st st æeat+eatö 1é(sa)t (sa)t ù 
(7) L{coshat}=òe coshatdt=òe ç ÷dt = êòe 

dt+òe dtú 

0 0 è 2ø 2ë 0 û 

1 é1 1 ù s 

= ê + ú=2 2,fors>|a| 

2 ës-as+aû s-a 

0 
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PROPERTIESOFLAPLACETRANSFORMS: 

1. LINEARITYPROPERTY: 

If a, b, c be any constants andf, g, h any functionsof t, then 

L{af (t) +bg(t) –ch(t)} = aL {f(t)} +bL {g(t)}–cL 

{h(t)}Bydefinition, 



L.H.S=òest[af(t)bg(t) ch(t)] dt 




  

aòestf(t)dtbòestg(t)dtcòesth(t)dt 

  

=aL{f(t)}+bL{g(t)}–cL{h(t)} 

II. FIRSTSHIFTINGPROPERTY: 

IfL{f(t)}= f(s) ,then 
 

L{eatf(t)} = f(s a) By 

definition, 

      

L{eatf(t)}òesteatf(t)dtòe(sa)tf(t)dt 
      

      

òertf(t)dt,wherer=s– a f (r) f (sa) . 
      

APPLICATIONOFFIRSTSHIFTINGPROPERTY: 

1 

(1) L{eat}=sa 

n! 

(2) L{eattn}=(sa)n1whenn=1,2, 3,......... 

b 

(3) L{eatsinbt}=(sa)2b2 

sa 

(4) L{eatcosbt}=(sa)2b2 

b 

(5) L{eatsinhbt}=(sa)2b2 

sa 

(6) L{e
at

cosh bt}=(sa)2 

b2whereineachcase>a. 



EngineeringMathematics– III 
 

 

III. CHANGEOFSCALEPROPERTY: 

 

IfL{f(t)}=f(s),then 
 

1 æsö 

L{f(at)}= 
 

fç ÷. 

a èaø 

Bydefinition,  



L{ f(at)}=òestf(at)dt 

















Example–3: 

 


su/a du 
= 

 

òe f (u)a 


1 1 

=aòesu/af(u)=a 


du 

[putat=udt=a 

 
æsö 

 f
.ç÷ 

è
a

ø 

FindtheLaplacetransformofe2t(3t5–cos4t). 

Solution: 

L{e2t(3t5–cos4t)} 

=3L{e2tt5}–L{e2tcos4t} 

=3×
 5!  s-2  

- 
360 

= -
 s- 2  

 

Example–4: 

(s-2)6 (s-2)2+42 (-s2)6 s2-4s+20 

Findthe laplacetransformof e–tsin23t 

Solution: 

Wehave 

1 1é1 s ù 18 
 

L{sin23t}= L{1–cos6t}= ê - 2 2ú= 2 =f(s) 

2 2ës s+6û s(s+36) 

Example–5: 

Findthelaplacetransformofe–3tsin5tsin3t. 

Solution: 

1 
 

Wehave,L{sin5tsin3t}=2L{cos2t–cos8t} 

1 é s s ù 30s 
= ê 2 2- 2 2ú= 2 2 =f(s). 

2 ës +2 s+ 8û (s+4)(s+64) By 
first shifting property, we get 
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2 t 

s+2 

= p

 2s + 

2  s+2 

ç ÷ 

 
 

L{e–3tsin5tsin3t}=f (s+3 

30(s+3)  30(s+ 3)  
 

 

Example–6: 

=
{(s+3)2+4}{(s+3)2 +64}

=
{s2+6s+13}{s2+6s+73} 

Findthelaplacetransformofe–2t(2t-3/ t) 

Solution: 

We have 

æ1 ö æ-1 ö 
ì1ü ì1ü Gç +1÷ Gç +1÷ 

L{2t-3/t} =2Lít2ý
ï 

-3Lít
ï 

ý
ï

=2è2 ø-3 è2 ø 

ïï ï ï 
î þ î 

þ 

 
  

1 11 

s2 s2 

 

æ1 ö 
2Gç  ÷ 

æ1 ö 
Gç ÷ p p 

 

= è 2 ø-3× è 2 ø= 
3
-3 

3  1 

2s2 s2 s2 

Byfirstshiftingproperty,weget 

s
=f(s) . 

L{e2t










Example–7 : 

 

t-3/ =f(s+2) 

p 
= 

s+22 

 

 

 
 3p  

3- 

s+ 

 

 

 

-3p 

ìsinatü ìsintü 1æ1ö 

Find
L

í ý ,giventhatLí ý=tan ç ÷ 

î 

Solution: 

tþ î tþ èsø 

ìsinatü 

Giventhat, Lí ý=L{f(t)}= 
tan 1æ1ö

=f(s) 

î tþ èsø 
Bychangeofscaleproperty,weget 

ì 
ìsinatü 1 æsö 1 1 1 ü 1 1æaö 

L{f(at)}= Lí ý= fç ÷= tan í ý= tan ç ÷ 

îat þ a èaø a î(s/a) þ a èsø 
 

\ 
1 ìsinatü 1 1æaö 

Lí ý tan=  ç ÷ 

a 
 

 

î tþ aès ø 

ìsinat 
Therefore, 

î 

 

Lí 
 ü

=tan
1æaö

÷ ý ç 

t þ èsø 

ï 

2 



 

0 

0 

0 
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LAPLACETRANSFORMSOFDERIVATIVES: 

(1) f¢(t)becontinuousandL{f(t)}= f (s),thenL{f¢(t))}=sf (s)-f(0). 

Proof:Wehave 

L{f¢(t)}=ò
estf¢(t)dt 

 

=| e 
st

f (t ) | - ò (-s )e 
st 

. f (t )dt 

Now assumingf(t)be such that limet®¥e–stf(t) = 0,we have 

L{f¢(t)}=-f(0)+sòe
st

f(t )dt 

 

Thus,L{f¢(t)}=sf-f(0) 

(2) Iff¢(t)anditsfirst(n–1)derivativesbecontinuous,then 
 

L{fn(t)}=sn f(s)-sn1f(0)-sn2f¢(0)- ............................. ..-fn1(0) 

Thus, 

L{f²(t)}=s2f(s)-sf(0)-f¢(0) 
 

L{f²¢(t)}=s3f(s)-s2f(0)-sf¢(0)-f²(0) 
 

L{ f iv( t )}=s4 f ( s )-s3f (0) - s2f¢(0) - sf ²(0)-f²¢(0) and so on. 

Laplacetransformsofintegrals: 

ìt ü 1  
IfL{f(t)}= 

 

 

Proof : 

f(s),thenL í ò 
ï 

f(u )duý= f(s) 

ï0 ï s 
î þ 

Letf(t)=òtf(u)du
,thenf¢(t)=f(t)andf(0)=0 

0 

 

 \L{f¢(t)}=s  f(s)-f(0) 

or 
 

L{f(t)}=sf(s)   

or 
  

f(s)=sf(s)   
 

or f(s)=
1
f(s) s 

Hence, Lòtf(u)du=
1
s 

 

 

 

 

f(s). 



EngineeringMathematics–III 
 

 

ö - 

 

MultiplicationBytn: 

IfL{f(t)}=f(s),then 

L{tnf(t)} =(–1)n sn
éf (s)ù,wheren=1,2,3............ 

dsnë û 

DivisionByt : 

If L{f(t)}=f(s),then 
 

ì1 ü 

Lí 

ît 

Example–8: 

f(t)ý=
òs 

þ 

f(s )ds
,providedtheintegralexists. 

Findthelaplacetransformsof 

(1) tsinat 

(2) tcosat 

Solution: 

a 

(1) Wehave,L{sinat}=s2+a2 
dæ a é ù 

-   2as 

\L{tsin at}= ç 2 2÷=-ê 

ds è s+ aø

 ë(s

2as 

Hence{tsinat}=(s2+a2)2 

s 

(2) Wehave,L{cosat}= s2+a2 

2 22ú 

+a)û 

\Ltcosat=-dæ s ö=-és2+a2-2s2ù 

 

 

Hence,L{tcos at}=
(s2+a2)2 

Example–9: 

Findthelaplacetransformsoft2cosat. 

Solution: 

 

Wehave,L{cosat}= 
s 

 
 

s2+a2 

d2
é s ù 

\Lt2cosat=-12 
ê ú 

2 2 2 

dsës+aû 

 ç 2 2÷ ê 2 22 ú 

 dsès+a ø 

s2-a2 

ë(s +a ) û 
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ë û 

t s+b 

 

 

=déa2-s2ùds 

ê
( s2+a2)2ú 

 

=-2s(s2+a2)2-2(a2-s2).2 s(s2+a2) 
 

(s2+a2)4 

=-2s(s2+a2)+4s( s2-a2)=2s( s2-3a2) 

(s2+a2)3 
(s2+a2)3 

Example–10: 

 
Findthelaplacetransformsof 

 

 

 

(eat-ebt) 
. 

 

 

 

- 
 

 

 

 
 

 

 

=élog(s ù

ëûs 

æs+aöù
 

s(1+a/s)ù


=logç ÷ú=log ú 

ès+bøûs s(1+b/s)ûs 

æs+aö 
=log1 -logç ÷ 

ès+bø 

æs+aö æs+bö 
=-logç ÷=logç ÷ 

ès+bø ès+aø 

 

Example–11: 

æeat-cosbtö 

FindtheinverseLaplacetransformofç ÷ 

è t ø 

Solution: 

ìe
at

-cosbtü é 1 s ù 

Wehave,Lí ý=òê - 2 2úds 
î t þ sës-a s+bû 

ï
ìeat-coshtïüé 1 s ù 

\ Lí ý =òê - 2 2úds 
ï ïs ës-a û 

î þ 

       
t 

 

Solution:         

 
 

–at 

 
 
–b 

 
t 

1 
 

1 
 

Wehave,L{e –e }= (s+a) (s+b) 

 
ì 
 

(eat-ebt)ü 

 

é 
 

1 

 
 

1ù 

 

\Lí  ý = ê -  ú ds 

î t þ 
 ò 

së (s+a) 
+a)-logs+b

(s+b)û 
 

 



 

 



et 

÷ 
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=ê
é

logs-a- 
 

1 logs2+b2ú
ù

ë 2 ûs 

=
1é2logs-a-logs2+b2ù

2ëûs 

 

1 æs-aöù

= logç2 2÷ú 

2 ès+b øûs 

é æ 

=1êlog1-logç 
2öù 

2
s-a÷ú 

2 ê çs +b2
÷ú 

ë è øû 

=-1logç
æs-a2 

ö 

2 çs2+b2÷ 

è ø 

1 és2
+b

2
ù 

= logê 2ú. 
ë û 

2 ês+b ú 

INVERSELAPLACETRANSFORMS: 
 

Weknowthatif{f(t)}=f(s),thenL–1{f(s)}=f(t) 

LetusnowdeterminetheinverseLaplacetransformsofsomegivenfunctionofs. 

1ì1ü 
(1) Lí ý=1 

îsþ 

1ì 1ü at 

(2) Lí ý=e 

îs-aþ 

1ì1ü tn1 

(3) Lí ný= ,n=1, 2,3,............. 

îsþ ( n -1)! 

1ì 1 ü atn1 

(4) Lí ný = ,n=1,2,3,............. 

î(s-a) þ (n-1)! 

1ì 1 ü 1 

(5) Lí 2 2ý= 

îs+aþ a 

1ì 1 ü 

sinat 

(6) Lí 2 

îs 

2ý=cosat 

+aþ 

(7)  
1ì 1 ü=1sinhat 
Lí 2 2ý 

îs-aþ a 
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(8) 
1ì s ü

=coshat 
Lí 2 2ý 

îs-aþ 

1ì 1 ü 1at 
(9) Lí 2 2ý= esinbt 

î(s-a)+bþ b 
1

ì s-a ü
=e

at

cosbt 
(10)  

Lí 2 

î(s-a) 

2ý 

+bþ 
1ì s ü 1 

(11) Lí 2 22ý= 

î(s+a)þ 2a 

tsinat 

 
(12)  1ì 1 ü=1 (sinat-atcosat) 

Lí 2 22ý 3 

î(s+a)þ 2a 

INVERSELAPLACETRANSFORMSBYTHEMETHODOFPARTIALFRACTIONS: 

WehaveseenthatL{f(t)}inmanycases,isarationalalgebraicfunctionofs.Henceto find the inverse 

laplace transforms of f (s) , we first express the given function of s into 

partialfractionswhichwill,then,berecognizableasoneoftheabovementionedstandardforms. 

Example–12: 

 

 

Findtheinverselaplacetransformof 

Solution: 

Supposethat, 

s2+s+2 
 

(s+1)2(s-3). 

 

s 2 + s + 2 =A+  B +

 C(s+1)2(s-3) (s+1) ( s +1)2

 (s-3) 

Multiplying both sides of(1) by(s + 1)2 (s – 3), we 

gets2+s+2=A(s+1)(s–3)+B(s–3)+C(s+ 

1)2Puttings=–1 

2=–4BÞB=-
1 

2 

 

....(1) 

 

 

...(2) 

Puttings=3 

7 

14=16CÞC=8 

Equatingco-efficientofs2,weget 

1 

1=A+CÞA=1–CÞA=8 
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1 1 7 

 

PuttingthevaluesofA,B,Cin(1)weget 

s2+s+2=1× 1-1 1 +7
× 

1 

(s+1)2 (s-3)8(s+1)2(s+1) 2 8(s- 3) 

1ì s2+s+2 ü 
\L í  2 ý 

î(s+1)(s- 3)þ 
11ì 1ü = -

11ì 1 ü
+

71ì 1ü 
Lí ý 

8 î(s+ 1)þ 

L í 2ý 

2 î(s+1)þ 8 

Lí  ý 

î(s-3)þ 

= 

Example–13: 

et - 
828 

et.t+ e3t 

 

 
s 

 
 

Findtheinverselaplacetransformsof(s-2)(s2+9) 

Solution: 

Supposethat, 

 s A = 
Bs+C 

...(1) 

(s-2)(s 
2 + 
+9) s- 2 

2 

s+9 

Multiplyingbothsidesby(s–2)(s2+9),weget 

S =A(s2+9)+(Bs+ C)(s–2) ...(2) 

2 

Puttings=2, 2=13AÞA=13 

9 

Puttings=0,0=9A–2cÞC=13 
Equatingco-efficientofs2,weget 

2 
0=A+BÞB=-  

13 

PuttingthevaluesofA,B,Cin(1),weget 

  s =2×1-2× s +9× 1  

(s -2) (s 2+9)13 s -2 13 ( s2+9) 13 ( s2+9) 

1ì s ü 
\Lí 2 ý 

î(s-2)(s+ 9)þ 

2 1ì 1 ü 2 1ì s ü 9 1ì 1 ü 

= Lí ý- L í 2 ý + Lí 2 ý 
13 îs-2 þ13 î(s+9)þ 13 îs+9þ 

=
2 e2t-

2
cos3t +

3
sin3t. 131313 

× 
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ò 

s 

 

OTHERMETHODSOFFINDINGINVERSELAPLACETRANSFORMS: 

(I) SHIFTINGPROPERTY: 

IfL–1{f(x)}=f(t),then 
 

L–1{f(s–a)}=eatf(t)=eatL–1{f(s)} 

(II) IfL–1{f (s)}=f (t)andf (0)=0,thenL–1{s.f 

 

dn 

In general, L–1 {s nf (s)} =dt n{f (t)}, Provided f 

(0) = f ¢ (0) = ............................... = f n–1 (0) = 0. 

(s)}=dft. 
dt 

 

IfL 

ìïf süï 

–1  –1íý s=0
t 

{f (s)}=f(t),then L ïî 

ïþ 

ftdt 

(IV) IfL–1{f(s)}=f(t),thent. f(t)=L–1ì-df sü 

 

ìftü= 

 

í 

î ds þ 

 
 

(V) Iff(t)=L–1{f(s)},thenLí ýîtþ òfsds. 
 

Thisformulaisusefulinfindingf(t)whenf(s)isgiven. 

Example–14: 

æ2ö 
FindtheinverseLaplacetransformoftan–1ç ÷. 

èsø 

Solution: 
ì 1 æ 2öü 

LetL–1í
tanç ÷ý=ft

î èsøþ 

æ2ö 

Þ L{f(t)}=tan–1ç ÷=fs

èsø 

ThenbyformulaIVweget, 

 
d dé 1æ2öù 

L{t.f(t)}=- éëfsùû=- êtan ç ÷ú 

ds dsë èsøû 
 

 

= 2ú.ê 2ú 

 

 

 

=s2+4 

 

é 1 ùé-2ù 
-ê 

ë 
 

 

û 

ê1 +2/s úësû 

2   
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í  ý 

2 
ý 

Þtf(t)=L–1
ì 2 ü

=sin2t 

í2 ý 
îs+4þ 

sin2t 

Þ f(t)= 
t 

\ –1ì 1æ2öü=sin2t 
L ítan ç ÷ý . 

î èsøþ t 

Example–16: 

æsö 
FindtheinverseLaplacetransformoflogç ÷. 

ès+1ø 

Solution: 

ìæsöü 

LetL–1í
log

ç ÷ý=ft

îès+1øþ 

 
ÞL{f(t)}=logç 

æsö 

÷=fs

ès+1ø 

ThenbyformulaIVweget, 

-d
élogæsöù=délogs-logs+1ù 

L{t.f(t)}= ê ç ÷ú ë û 

dsë ès+1øû ds 

é1 1ù 1 1 
=-ê - ú

= -  

ës s+1ûs+1 s 

Þt.f(t)=L–1ì 1 
-
1ü

=et-1 

îs+1 sþ 

Þ f(t)=e
t

-1 

t 

 ì æsöü e1 -1 

\ 1   = 

Lílogç ÷ý 

î ès+1øþ t 

Example–17: 

 

 

FindtheinverseLaplacetransformof 

Solution: 

Wehave 

 
 

 

1 
 

 

s2s2+a2. 

 

ìï 
L1í 

ïs 

1 
üï=1 

+ a2ï a 

 

sinat=f(t). 

î þ 
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1 t 1 ù1-cosat 

í 

ï 

= + 

ï ï 

 

ThenbyFormulaIIIweget, 


ì 

11 
ü 
= 

t 
òsinatdt=-  cos at   

Lí ý 0 
2 ú 2 

ïss2 +a2ï 

î þ 

Thuswehave, 

ì ü  1  

a a û0 a 

 
 

 
1t1-cosatdt 

L1ï ï= 

ï
ís2s2+a2ï

ý 

î þ 

1é 1 ù
t 

=2êt- sinatú 

aë a û0 

1é 1 ùt 

=2êt- sinatú 

aë a û0 

=
1
at-sinat. 

a3 

Example–18: 

a2ò0 




















1 

FindtheinverseLaplacetransformof   . 

s2
s+ 5 

Solution: 
1ì1ü 5t 

Wehave,
L í ý=e 

îs+5þ 

=ft. 

ThenbyFormulaIII,weget 

ì 1 ü 1t 

L1ï 

ïs s+5ï 

ï=  é1-e5tùdt 

5ò0ë û 

î þ 

Lì 1 ü t dt=-1e út=-1éëe -1ùû=1éë1-e ùû 
 

 

1ï 

 

 
ý = ò 0 e  5t 5 tù 5t 5t 

ïss+5ï 5 û0 5 5 
î þ 

Thuswehave, 

ì 1 ü 1t 

L1ï

íï ý
ï=  é1- e 5t ùdt 

s 2s + 5ï 5 ò0 ë û 
î þ 

1é 15tù 
ê
t e údt 

5ë 5 û 

1é 
= ê

t+ 
15tùt 

e ú 

5ë 5 û0 

í 

ý 





EngineeringMathematics–III 
 

= = 

2 +a 
2 

2 

 

=
1é

+
15t-

1ù 
ê
t e ú 

5ë 5 5û 

=1ée5t+5t-1ù 

25
ë 

û 

Example–19: 

 

FindtheinverseLaplacetransformof 

 

Solution: 

Wehave, 

1

ì 
s

2 ü 
1 

 

s2 

s2 +a22 

ï

 
ï
= tsinat=ft

Lí 2ý 
þ 

ïs2+a
2 

ï 2a 

Sincef(0)=0,wegetfromFormulaIIthat, 

ì 2 ü ì ü 

L1íïs2
s ïý 

ï 2ï 
=1ïs. 
Lí

ï 

s ï 

s2+a2 ý 
déftù 

=dtë û 

î þ î 
dé1 ù 

ê tsinatú 

dtë2a û 

=
1

(sinat+atcosat). 
 

2a 

Example–20: 

þ 
 

 
 

 

 

 

 

 s+3  

FindtheinverseLaplacetransformof 

Solution: 

s2+6s+132 . 

Wehave,  s+3   s+3   s+3  
 + + 2 

ës +6s +9+4û 
2 

ës+ 3+4û
2 



s 6s 13 é2 ù é 2 ù 

ThenbyformulaIweget 
 

ì 
1ï s+3 

ü ì 

2ý
ï
=L

1
í
ï s+3 

ü ì ü 
ï 3t1ï s ï 

L í  s+3+2

2ý=e .L í 2ý 

ïs
2+6s+13 

1

=e3t.tsin2t. 

þ î þ î þ 

ï ï 2 2 ï ïs
2
+2

2 
ï 

ï 

= 
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Example–21: 

 

 



í 

= 
2ý 

 

FindtheinverseLaplacetransformof


Solution: 

s 

s2 +a22 

ì 
s 

ü 
ï ï 

Let,f(t)=L–1 í 2ý 
î þ 

ïs2 +a2 
ï 

ThenbyformulaVweget 
 

ìftü 

Lí ýòs 



f 

 s  

sds=òs 2 2ds= 
1  2s  

òs 2 22ds 

îtþ 
 s+a 2 s+a 

  

 

=- 

ù 

1é 1 

ê2 2ú 

  

2ës+aûs 

1 1 

=-2.s2+a2
ft ì 

1 
ü 

1 
 11ï ï   

\ t =2Lïs2+a2ïý=2a.sinat 

î þ 

 

Hencef(t)=L 

ì 
1ï 

í 
î  

ü 
1 ï 1

.tsinat 
2 2 

ïs +a ï 2a 

LAPLACE TRANSFORM METHOD TO SOLVE LINEAR DIFFERENTIAL 

EQUATIONS WITH CONSTANT COEFFICIENTS ASSOCIATED WITH INITIAL 

CONDITIONS : 

Lineardifferentialequationswithconstantcoefficientsassociatedwithinitialconditions can 

beeasily solvedby Laplace transformmethod. 

WorkingProcedure: 

Step - 1 : Take theLaplacetransformofbothsidesof thedifferentialequationandthenput the given 

initial conditions. 
 

Step-2: Transposethetermswithminussignstotheright. 

Step-3: Dividebytheco-efficientof y ,getting y asaknownfunctionofs. 

Step-5: Resolvethisfunctionofsintopartialfractions. 

Step–5 : TaketheinverseLaplacetransformofbothsides.Thisgivesyasafunctionoft 
 whichisthedesiredsolutionsatisfyingthegivenconditions. 

. 
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

   

 

Example–22: 

Solvethefollowingequationbytransformmethod; y²– 

3y¢+ 2y= e3t, when y(0) = 1 and y¢(0) = 0. 

Solution: 

We have, y² – 3y ¢ +2y = e3t ...(1) 

Taking Laplace transform of both sidesof (1),we get 

L{y²}=3L{y¢}+2L{y}=L{e3t} 

 
 

Þ [s2
y–sy(0)–y¢(0)]–3[sy 

1 
 

 

–y(0)] +2 y=s-3 

Puttingy(0)=1andy¢(0)=0,weget 

1 

s2
y–s–3sy+3+2y =s-3 

 

Þ y.(s2– 3s+2)= + s–3= 

s2-6 s +10 

1+s-32 
 

 

s-3 

Þ y=
s-3s

2

-3s+2 

s26s10 
 

Þ y

s3 



s1 

 

s 2 

...(2) 

Let, 
s26s10 


A


B


C 

s3 s1s2 s3s1s2 

Multiplyingbothsidesof(3)by(s–3)(s–1)(s–2),weget 

s2–6s+10=A(s–1)(s–2)+B(s–3)(s–2)+C(s–3)(s–1) ...(4) 

5 

Puttings=1,B=2 
Puttings=2,C=–2 

1 

Puttings=3,A=2 
SubstitutingthevaluesofA,B,Cin(3),weget 

1 1 5 1 1 

y=2.

s-3

+2.


s-1-2.


s -2


TakinginverseLaplacetransformofbothsides,weget 

1  11ì 1ü 51ì 1ü 1ì 1ü 
L{y}= Lí ý+ Lí ý -2Lí ý 

2 îs-3þ 2 îs-1þ îs-2þ 

\y=
1

e3t
+
5

e
t
- 2e2t 

22 

Thisistherequiredsolution. 





EngineeringMathematics– III 

Example–23: 

 

 

Solvethefollowingequationbytransformmethod; 

(D2+w2)y=coswt,t>0,giventhaty=0andDy=0att=0 

Solution: 

Wehave 

(D2+w2)y=coswt 

i.e.,y²+w2y =coswt,giveny (0)=y¢(0)=0 Taking Laplace 

transformof both sidesof (1),we get 

L{y²}+w2L{y}=L{coswt} 

Þ s2y–sy(0)–y¢(0)+w2y 

s 
2 2 

s 

Putting(0)=0andy¢(0)=0,weget 

s 

y.(s
2+ w2)2 2 

s
 s  

 

 

 

 
...(2) 

Þ y


2 

s22
TakinginverseLaplacetransform,weget 

 

   s 
    

L1{ y }L1 s222 

1 
 

\y=2.tsinwt 

Thisistherequiredsolution. 

Assignment 

1. FindtheLaplacetransformsofthefollowing: 

R t U Rt U 
| sint| | t | 

(a) Sz V (b)LSze costdtV 
| t| | | 

T0 W T0 W 
2. FindtheLaplaceTransformoff(t)ineachofthefollowing: 

Rsin 2t,when0t R1,when0t2 

(a) f(t) =S 

T0, whent

(a)f(t)=S 

Tt,whent 2 

3. ObtaintheinverseLaplacetransformsofthefollowingfunctions 

 

(a) 
2s2  6s  

5s36s211s6 

 

(b) 
a(s22a2) 

s44a4 

s F1sI 
(c)   (d)log G J 

s26s13 H sK 

rrr 

= 
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f(t) 

T 

 

 

CHAPTER–4 

 
FOURIERSERIES 

PeriodicFunctions: 

If thevalueof each ordinate f(t) repeat itself atequal interval in the abscissa, then f(t)is said 

to be a periodic function. 

Iff(t)=f (t+T)=f (t +2T)= ................... , then 

Tiscalledperiodofthefunctionf(t). 

Forexample 

sinx=sin(x+2p)=sin(x+4p)=...... 

Sosinxiscalledaperiodicfunctionofperiod2p 

 

 

 

 

 

 
t 

 
 

 

 

FounierSeries: 

Aseriesofsinesandcosinesofanangleanditsmultipleoftheform 
 

a0 a cosxa cos2x....... a cosnx..... 

2 1 2 n  

b1sinxb2sin2x ......bnsinnx..... 

 

a0 

 

 

åancosnxåbnsinnx 

2 n1 n1 

is called a fouries series, there a0, an& bnare called fourier 

constants Useful Integrals 

ThefollowingintegralsareusfulinFourierseries: 
 

 2  2

1. òsinnx dx0 2. òcosnxdx0 
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3. ò
2sin

2
nxdx=p 

 

4. ò
2cos

2
nxdx=p 

  

5. ò
2sinnx.sinmxdx=0 6. ò

2cosnx.cosmxdx=0 

 

 

7. 
ò

2
sinnx.cosmxdx=0  

8. ò
2sinnx.cosnxdx=0 

  

9. òuv=uv1-u¢v2+u²v3-........... 
      

    
du 

 d2u  

 
wherev1=òvdx,v2=òv1dx,v3=òv2dxu¢= 

 
 

dx ,u²= dx2 & 

10. sinnp=0&cosnp=(–x)wherenÎI 

Letf(x)berepresentedintheinterval(a,a+2p)byfourierseries 
 

     

f(x)= 
a0 +åancosnx+åbnsinnx ...(1) 

 2 x11 x11  

Tofinda0: 

Integratebothsidesofequation(1)formx=atox=l+2p.Then 
 

2













=
1 a0(a+2p-a) +0+0= a0p 

2 
 

 

 
 

 

 

 

 
 

 

 

 

 
 

 

pò

Hence a0= 

 

2 
f(x)dx 

Tofindan:Muliplycosnxanbothsidesofequation(1)andintegratefromx=2tox=2 

+2R,Then 

2 1 2 2æ ö 
f (x)cos nxdx= a0 cosnxdx+ ç å

a
n 

cosnx÷cosnxdx 

ò 2 ò òèn1 ø 
2æ ö 

+
ò ç åb

n
sinnx

÷connxdx=0+pan+0 

èn1 ø 

12
pò

an+  f(x)cosnxdx 

To find bn: Multiply sin nxon both sides of equation (1) and intergrate 

from x =p to x = p + 2p , then 

2  a  2     

ò f(x)sinnxdx= 

 

2 
ò      

0 2 sinnxdx+     

 2æ   ö 2æ  ö  

ò ç åa
n cosnx÷sinnxdx+ò ç åbnsinnx÷sinnxdx = 0 +0 +pbn 

 èn1  ø èn1  ø  

1 

2 1   2æ  ö  2æ  ö 

ò f(x)dx= 
a 

1ò dx+ò ç åa
n cosnx÷dx 

+ò ç åbnsin nx÷dx 

 2   èn1 ø  èn1 ø 
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1 

a 
2

 
 

 
 

 

 

 

 
 

 

 

 

ò

2

Hencebn  f(x)sinnxdx 

Makinga=0,theintervalbecomes0<x<pandtheformula(1)reducesto 

1 ü 
0= f(x)dx 

ò0 ïp 
ý 

1 
an= ò0

2f(x)cosnxdx
ï 

ï 

...(ii) 

p þ 

1 2R 

b  ò0f(x)sinnxdx 
n 

 

Puttinga=–p, The interval becomes–p < x <p, the formula (I) 

reduces to 

 

a 
1 ü 

0=
pò

f(x)dx ï 

a 1 ïï 

n=pòf(x)cosnxdxý 
ï 

 

....(iii) 

bn=1  ï 
f(x)sinnxdxï 

pò þ 

 

Euler’sFormula: 

Thefourierseriesforthefunctionf(x)intheintervalp<x<p+2pisgivenby 
 

 

f(x)

 

a0
åancosnxåbnsinnx 

2 n1 n1 

 

wherea0 

 
 

 

 

 
 

 

 

 

 
 

 

 

 

 

ò





2 
f(x)dx 

a 
12

f(x)cosnxdx 

ò

n 
 

 

2

b 
ò

 1 f( x)sinnxdx 
n 

The value of a0, an & bn areknown. 

Euler’s formula. 

Example–1: 

Giventhatf(x)=x+x2for–p<x<p,findtheFourierexpansionoff(x).Hencethat 

 
1 1 1 

1 222....... 

6 2 3 4 

1 
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

 

Solution: 

2a0 

Letx+x= 
2
+a1cosx+a2cos2x+..... 

+b1sinx+b2sin2x+...... ...(1) 

 

1

a0=  f(x)dx= 
1

(x+x2)dx= 
1éx

2 

ê + 
x3ù

ú 

pò pò pë
2 3û

1ép p p p

ù 

 

 

2p

= ê + - + ú= 
 

 

 

1  1

pë2 3 2
3û 3 

a  =  f ( x ) cos nxdx =  (x+ x 2 ) cos nxdxn 

 pò  pò



1é 2sinnx -cosnx æ-sinnxöù

= êx+ x -2x+1 2 +2.ç 3 ÷ú 

pë x xè 

1é cosnp 

xøû

cos(- np)ù 

= ê(2p+1) 

pë 

2 --2p+1 2 ú 

x nû 

1é cosnpù4.(-1)
x 

= ê4p× 

pë 

1 

2ú= 2 

xû x 

bn=pò
(x+x2)sinnxdx 

1é 2 -cosnx æ-sinnxö +cosnxù

= ê(x+ x )× -(2x+1)×ç 2 

pë xè xø 

÷2 
x3 

ú 
û

1é 2 cosnx æcosnxö 
 p




cosnx

-
2cosnpù 

= 

ê-(p+p  )× -2×ç 3 ÷+ -p+ 3 ú 

pë 1é-2 xè x
2

ø x x û 

= 
pêpú  

p.cosnpù= - .(-1)n 

ë ûn 

Substitutingthevaluesofa0,an&bnisequation(1) 

2 p é 1 -1 
x+x = +4ê-cosx+ 2cos2x2 cos3x+.... 

3 ë 2 3 

é 1 1 ù 
-2ê-sinx+ sin2p-  sin3 x+.........ú 

ë 2 3 û 

Putx=pinequation(2) 

 

 

 

 

 

 

 

...(2) 
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ê 

û 

 

 p 
é 1 1 1 ù 

p+p = +41+ 2+2+2 +.....ú ...(3) 

3 ë 2 3 4 û 

Putx=–pinequation (2) 

p 
é 1 1 1 ù 

–p+p2= +4ê1+ 2+2+ 2 
...... 

+ ú...(4) 

3 ë 2 3 4 û 

Addingequation(3)&(4) 

2p 
é 1 1 1 ù 

2p = +8ê1+ 2+ 2+2 + ........ ú 

3 ë 2 3 4 û 

4p é 1 1 1 ù 

=8ê1+2+2+ 2+ ............. ú 

3
 

ë 2 3 4 
p 1 1 1 

1 

=1+2+2+2+.......=å2 

6 2 3 4 n1
x 

Dirchelet’sCondition: 

 

Anyfunctionf(x)canbedevelopedasafourierseries
a0

+åancosnx+åbnsinnx 
2 n1 n1 

wherea0,an,bnareconstantsprovided. 

(i) f(x)isperiodic,singlevaluedandfinite 

(ii) f(x)hasafiniteno.ofdiscontinuitiesinanyoneperiod 

(iii) f(x)hasatmostafiniteno.ofmaximaandminima. 

DiscontinuousFunctions:Atapointofdiscontinuty,Fourierseriesgivesthevalueof 

f(x)asthearithmeticmeanofleftandrightlimits. 

Atapointofdiscontinuty,x=c 

f(x) =
1 
f (c -0) +f(c + 0)2 

Example–2: 

Findthefourierseriesexpansionfor 

ì-p, -p<x<0 

f(x),if
f(x)

=í 

îx, 0<x <p 

1 1 1 p

Deducethat 2+ 2+2+ .............. = 

1 3 5 8 

Solution: 

a0 
 

Letf(x)= +åancos nx+åbnsinnx...(1) 
z x 1 x1 
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=
p

ê-px+í
2

ý =
pê-p+ ú=- 

p n x x 

 2  4 

p x x x 

2 

é 

 

1é0  ù 
thena0= êò(-p)dx+ò0xdxú 

pë û 

1é  ìx2üù 1é pù 
p 

ú 
ê ú 2 

ë î þ0û ë û 2 

1é0  ù 
a

n= êò-pcosnxdx+òxcosnxdxú 

pë 0 û 

1é ìsinnxü ì sinnx cosnxü
ù 

= ê-p×í ý +íx× + 2 ýú 
ê î þ î þ0ú 

ë û 

=1 0+1cosnp-1ù
=

1cosnp-1 

 
 

 

p.3 

b 

ê 2 2ú 2 

pë x nû pn 

a1=
-2

,a=0,a3=
-2

,a=0 

 

1é0 
 ù 

n=  êò(-p).sinnxdx+òxsinnxdxú 

pë 0 û 

1éìp.cosnxü
 

ì-x.cosnx sinnxü
ù 

= êí ý +í + 2ýú 

êî þ î þ0ú 

ë ù1 
û 

=1ép1-cosnp-pcosnp = -2cosnp) 
ê 

pëx 
ú (1 

n û x 

\b1=3,b2=
-1

,b3=1,b4=
-1 

24 

Substitutingthevaluesofa’sandb’sinequation(1),weget 

-p 2é cos3x cos5x+ ...... 
ù 

f(x)= - êcosx+ 2 + 2 

4 pë 3 5 
+ -sin2x+ 

3sinx 3 

2 

ú 

û 

sin3x- 

3 

 
 

 

. ...... (ii) 

Puttingx=0inequation(ii) 

p 2æ 1 1 ö 

f(0)= - - ç1+2+2+.....¥÷ ...(iii) 

4 pè 3 5 ø 

Now f(x) is discontinuous atx=0 Butf( 

0– 0)=– pandf(0+0)=0 

\f(0)=
1
f(0-0)+f(0+0)=

-p
2 
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f(t) 

x¢ 

 

Fromequation(iii) 

-p=-p-2é1+1+1+ .................... ù 
24pêú  

ë12 2 52û3 

 

or p2 
= 

1 
2 + 

1 
2 + 

1 
2 
+......... 

 8 1 3 5  

EvenFunction:Afunctionf(x)issaidtobeeven(orsymmetric)functioniff(–x)= 

f(x)Ex.(i)x2,x4,x6, ............... evenpowers.ofx 

(ii)cosx,secxetc. 

The graph of such afunction is symmetrical with respect to y-axis. Herey-axis is a mirror 

for the reflection of the curve 

y 
 
 
 
 
 
 
 

 
x 

O 

 

 

 

Theareaundersuchacurvefrom–ptopisdoubletheareafrom0top. 

 x 

\òf(x)dx=2òf(x)dx 
 0 

 

Odd function:Afunctionf(x)iscalledodd(skewsymmetric)functioniff(–x)=– 

f(x)Ex.(i)x3,x5,x7, .............oddpowersifx 

(ii) sinx,cosex,tanxetc 

 

 

 

 

 
x 

 

 

 
 

 

Heretheareaunderthecurvefrom-ptopiszero 



i.e.,òf(x)dx=0 

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

ò



ExpansionofanEvenFunction: 
 

 
1 f(x)dx2 f(x)dx 

0 

a 
1 

f(x).cosnxdx
2 

n f(x)cosnxdx 

ò  ò0 

Asf(x)andconnxbothareeven,theproductoff(x).cosnxisalsoeven. 

1


bnòf(x)sinnxdx0 

As sin nxis an oddfunction. The productofaneven function with oddfunction is odd. therefor 

we need not calculate bn. 

Theserivesofanevenfunctioncontaincosinetermsonly. 

ExpansionofanoddFunction: 

a
1 

f(x)dx0 
0 ò

a 
1 

f(x).cosnxdx0 Q 
 

 

ò

(f(x).cosnxisoddfunction) 



b 1 
f(x ).sinnxdx 

2 f(x).sinnxdx 
n  ò0 

 

 

 

(Qf(x).sinnxisevenfunction) 

Theseriesofanoddfunctioncontainsinetermsonly. 

Example–3: 

Obtainafounierexpansionofforf(x)=x3.in–p<x<p 

Solution: 

f(x)=x3isanoddfunction. 

\a0=0andan=0 

2 2 

bò x).sinnxdx òx3.sinnxdx 
x 

2é3-cosnx2-sinnx cosnxsinnxù

= êx. -3 x.2+bx.3-6.4ú p ë x x x

 xû02écos nxcosnxù

= ê-x. +6x.3ú 
pë x 

x û0
cosn 

=
2é cosn 

-p. p+6.p. pù 
pêú     

ë xx3 û 

n 
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p 

é 
2 6ù 

= - x -p + 
2.(1)êú 

 

ë3ûxx 

éæ-p 6ö æ-p 6ö æ-p 6ö 

\x3=2 êç
11

+ 

ëè 
HalfRangeSeries: 

3÷ sin x +ç + 3÷ sin 2 x -ç +3÷sin3x+..... ø è 2

  2ø è3  3ø 

ToobtainaFourierexpansionofafunctionf(x)fortherange(0,p)whichishalfthe 

periodofthefourierseries.Asitisimmateriadwhateverthefunctionmanybeoutside 

therange0<x<p,weextendthefunctiontocovertherange–p<x<p.Sothatthe 

newfunctionmaybeevenorodd.Thefourierexpansionofsuchfunctionofhalfthe period consists 

sine or cosire term only. 

SineSeries: 

If it is required to expand f(x) as a sine aeries in 0 <x < p me extend the function to the 

range –p <x<p,so that ifwill beanoddfunction. 

Thedesiredhalf-rangesinseriesisgivenby 



f(x)=åbnsinnx 
n1 

 

wherebn=
2ò

f(x) sinnxdx 

CosineSeries: 

If itsis requiredto expandf(x)as acosine series in 0 <x <p,We extend thefunction to the range 

–p<x<p, so thatif will be an evenfunction. 

Thedesiredhalf–rangecosineseriesisgivenby 

a 

f(x)= 

 

 
a 

0+åancos nx 

2 n1 

2
ò

where 0= f(x)dx 
2

an=pòf(x)cosnxdx 

Example–4: 

Findthehalf-rangesineseriesforthefunctionf(x)=eaxfor0<x<p 

Solution: 


f(x)=åbnsinnx 
n1 

wherebn=p
2
ò

f(x)sinnxdx=p
2
ò

eaxsinnxdx 
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2 

í 

 
 
 

 

 

 
 

 

 

2é ea

2é eax 

= ê 2 

pëa+n 

ù

2(as-innncxosnx)ú 

0 
 

 

n ù 

= ê 2 2(asinnp-ncosnp)+  ú 
pëa+n 

=2. n é-(-1)nea+1ùp 

a2+n2ëû 

= 
2n é1-(-1)

n
e
a

ù 

(a2+n2)p
ë 

û 

a2+n2 û 

2(1+ea) 
b = , b 

1 ( a 2+1)p 2 

2.2(1- ea) 
=    

(a2+2 2 )p 

ax 2é1+ea 2(1-ea) 
ù 

e = ê2 

pëa+ 

2sinx+ 

1 

 

2 2 

a+2 

sin
+
2.x

.ú 

û 

Assignment 

1. Findafourierseriestorepresentf(x)=p-x,0<x<2p 

2. Findafourierseriesto representthefunction 

f(x)=ex,for–p<x<p 

ì p 

ïï-1, for- p<x<-  

p p 
 

 

 

 

 

ìt,0<t £
p 

4. Representthefollowingfunctionbyafouriersineseries f(t)=
ï 2 

ïp p 
ï , 

î2 2 
ì1,for0<x<p 

5. Findthefouriercosineseriesforthefunctionf(x)=í 

ï 2
 

rrr 

ï 
ï0, for 

î 

p<x<p 2 

û 

3. Findthefourierseriesofthefunction 
ï 

f(x)=í0, 

ï 
ï 

for - <x< 

2 2 
p 

  ï+1, 

î 
for <x<p 

2 
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CHAPTER–5 

 

FINITEDIFFERENCEANDINTERPOLATION 

FiniteDifference: 

Supposewearegiventhefollowingvaluesofy=f(x)forasetofvaluesfx: 
 

x x0 x1 x2........ xn 

y y0 y1 y2........ yn 

Theinterpolationisthetechniqueofestimatingthevalueofafunctionforany 

intermediatevalueoftheindependentvariable.Whiletheprocessofcomputingthevalueof 

thefunctionoutside thegivenrangeiscalleextrapolation. 

Supposethatthefunctiony=f(x)istabulatedfortheequallyspacedvaluesx=x0,x0+ h, x0 + 2h, ....... 

x0 + nh giving y = y0, y1 ....... yn. To determine the values of f (x) for some intermediatevaluesof 

x,thefollowingtwo typesofdifferencearefounduseful. 

Forwarddifference-Thedifferences 

Dy0=y1–y0 

Dy1=y2–y1 

Dy 
n–1 

=y–y 
n n–1 

Similarly D2y0 = Dy1 – Dy0 

D3y1 =D2y1 – D2y1 

Dn y0 = Dn–1 y1 – Dn–1 y0 

Forward difference table 

Valueofx Valueofy 1stdiff. 2nddiff. 3rddiff. 4thdiff. 5thdiff. 

x0 y0 Dy0 
    

x+h 
0 

y 
1 

Dy 
1 

D2y 
0 

   

x+2h 
0 

y 
2 

Dy 
2 

D2y 
1 

D3y 
0 

  

x+3h 
0 

y 
3 

Dy 
3 

D2y 
2 

D3y 
1 

D4y 
0 

 

x+4h 
0 

y 
4 

Dy 
4 

D2y 
3 

D3y 
2 

D4y 
1 

D5y 
0 

x0+5h y5 
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Backwarddifference 

Ñy1=y1–y0 

Ñy1=y1–y0 

: 

 

: 

 

: 

Ñnyn=Ñn–1yn–Ñn–1yn–

1Backward difference table 
 

Valueofx Valueofy 1stdiff. 2nddiff. 3rddiff. 4thdiff. 5thdiff. 

 x 
0 

y 
0 Dy0 

     

x +h y Dy D2y     
0  1 1  0    

x +2h y Dy D2y D3y   
0  2 2  1 0   

x +3h y Dy D2y  D3y D4y  
0  3 3  2 1 0  

x +4h y Dy D2y  D3y D4y D5y 
0  4 4  3 2 1 0 

x0+5h y5       

Differencesofapolynomial 

Weknowthattheexpressionoftheformf(x)=a0xn+a2xn–1+ ..................... +an–1x+ anwherea’sare 

constant(a0¹ 0)andnisapositiveintegeriscalledapolynomialinxofdegreen. 

Theorem: 

The1stdifferenceis apolynomialof degreen is of degreen –1,the2nddifferenceis of degree n– 2, 
and the nthdifference is constant. While higher difference are equal to zero. 

Theconverseof thetheoremis alostruewhichstatedthatifnth differenceof afunction tabulated at 
equallyspaced intervalsare constant, the functionis apolynomial ofdegree n. 

Example–1: 

Formthesuccessiveforwarddifferencesofax3,theintervalbeingh. 

Solution: 

Herey=f(x)=ax3 

Weknowthat 

Dy0=y1–y0=f(x+h)–f(x) 

\D(ax3)=a(x–h)3–ax3 

=a(x3+3x2h+3gh2+h3)–ax3 

= a (3x2h + 3xh2 + h3) 

Again, D2
y0 = Dy1 – Dy0 

\D2(ax3)=a{3(x+h)2h+3(x+h)h2+h3}–a(3x2h+3xh2+h3) 

=a{3x2h+6xh2+3h3+3xh2+3h3+h3–3x2h–3xh2–h3}=a{6xh2+6h3} 
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D3y0=D2y1=D2y0 

\D3(ax3)=a{6(x+h)h2+6h3}–a{6xh2+6h3} 

=a{6xh2+6h3+6h3–6xh2–6h3}=6ah3=Constant 

 

\D4(ax3)=6ah3–6ah3=0 

Here itshows that the the third differencesof apolynomial of third degree isconstant& the 

higher difference & are zero. 

FactorialNotation 

Aproductoftheformx(x– 1)( x– 2) ................. ( x–r+1)isdevotedby[x]randiscalleda 

factorial. 

Inparticular 

[x]=x,[x]2=x(x–1) 

[x]3=x(x–1)(x–2) 

[x]n=x(x–1)(x–2) ................. (x–n+1) 

whichiscalledafactorialpolynomialorfunction. 

Thefactorial notation isof special utility in the theory of first differences. Ithelpsin finding 

the successive differences of a polynomials directly by simply rule 

ofdifferentiation.Theresultofdifferentiating[x]rissimilarto thatofdifferentialxr. 

Example–2: 

Estimatethemissingterminthefollowingtable: 

x 0 1 2 3 4 

f(x) 1 3 9 8 1 

Solution: 

Letthemissingtermbyy1.Thefollowingisthedifferencetable. 

x y D D2 
D3 D4 

0 1     

1 3 2 4 y3–19 
 

2 9 6 y3–15 124–4y3 

 

3 
y 

3 

 

y3–9 

 

81– 2y3+9 

 

105–3y3 

 

4 81 81–y3    

As only four entries y0,y1,y2,y4are given, thefunction y can be represented by a third 

degreepolynomial,here 4thorderdifferencebecomeszero,i.e., 

124–4y3=0 

Þ y3=31 

Hencethemissingtermis31. 



EngineeringMathematics– III 
 

 

 

Example–3: 

Estimatethemissingterminthefollowingtable: 
 

x 0 1 2 3 4 5 6 

y 5 11 22 40 -- 140 -- 

Solution: 

Letthemissingtermbyy4&y6.Thefollowingisthedifferencetable. 

x: y: D D2 D3 D4 D5 

0 5      

1 11 6 5    

2 22 11 7 2 y4–67 
 

3 40 18 y4–40 y4–58 303–4y4 370–5y4 

4 y4 y4–40 180–3y4 238–3y4 y6+6y4– y6+10y4–1001 

5 140 140– y 4 y6+y4– y6+3y4–460 698  

 

6 
y 

6 

 

y6–140 

 

280 

   

As only four entries y0,y1,y2,y4,y5are given, thefunction y can be represented bya 

4thdegreepolynomial&hence 5thdifferencebecomeszero,i.e., 
 

370–5y4=0 and y6 +10y4–1001=0 

Solvingthese,weget 

y4=74 and y6 =261 

Newton’sForwardinterpolationformulaforequalintervals 

Letthefunctiony =f(x)takesthevaluesy,y,y ........................... correspondingtothevalues 
0 1 2 

x0,x1+h,x0+2hofx. 

f( x0+nh )=y0+nDy0+
n(n-1)

Dy0+
n(n-1)(n-2)

Dy0+...... 

2!3! 

Obs.Thisformulaisusedforinterpolatingthevaluesofy nearthebeginningof asetof tabulatedvalues 

andexterpolatingvaluesofyalittlebackward(i.e.to theleft)ofy0. 

Newton’sbackwardinterpolationformulaforequalintervals 

Letthefunctiony =f(x)takesthevaluesy,y,y ......................... correspondingtothevalues 
0 1 2 

x0,x1+h,x0+2hofx. 

f( xn+nh)=yn+nÑyn+
n(n+1)

Ñy0+
n(n+1)(n+2)

Ñyn+...... 

2!3! 

Obs.Thisformulaisusedforinterpolatingthevaluesofy nearthebeginningof asetof tabulatedvalues 

andexterpolatingvaluesofy alittlebackward(i.e.to the right)ofyn. 
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Example–4: 

 

The table gives the distances in nautical miles ofthe visible horizonforthegiven heights 

in feet above the earth’s surface. 
 

x=height 100 150 200 250 300 350 400 

y=distance 10.63 13.03 15.04 16.81 18.42 19.90 21.27 

Findthevaluesofywhen(i)x=218ft. 

Solution: 

Thedifferencetableisasunder: 

x y D D2 D3 D4 

100 10.63     

  2.40    

150 13.03  –0.39   

  2.01  0.15  

200 15.04  –0.24  –0.07 

  1.77  0.08  

250 16.81  –0.16  –0.05 

  1.61  0.03  

300 18.42  –0.13  – 0.01 

  1.48  0.02  

350 19.90  –0.11   

  1.37    

400 21.27     

(i) Ifwetakex0=200,theny0=15.04,Dy0=1.77,D2y0=–0.16,D3y0=0.03etc. 

Sincex=218andh=50,n
xx0

18
0.36 

h 50 

\UsingNewton’sforwardinterpolationformula,weget 

y218y0ny0
n(n1)

2y0 
n(n1)(n2)

y0..... 

1.2 1.2.3 

0.36(0.64) 0.36(0.64)(1.64) 
f(218)=15.04+0.36(1.77)+  (0.16)  (0.03).... 

26 

(ii) Sincex=410isnear theendofthetable,weuseNewton’sbackwardinterpolationformula. 

\taking xn400,n
xxn

10
0.2 

h 50 

Usingthelineofbackwarddifferences 

Yn=21.27,Ñ2yn=–0.11,Ñ3yn=0.02etc. 
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(-0.11)+ ........=21.53 

x 

\Newton’sbackwardformulagives 

 

 

 

 

 

Example–5: 

 

 

 
0.2(1.2) 

=21.27+0.2(1.37)+ nautical miles. 
2 

FindthenumberofmengettingwagesbetweenRs.10and15fromthefollowingdata: 
 

WagesinRs. 0–10 10–20 20–30 30–40 

Frequency 9 30 35 42 

Solution: 

Firstwepreparethecumulativefrequencytable,asfollows: 
 

Wageslessthan(x) 10 20 30 40 

No.ofmen(y) 9 39 74 116 

Nowthedifferencetableis 
 

x y D D2 D3 

10 9 
   

  
30 

  

20 39 
 

5 
 

  
35 

 
2 

30 74  7  

  42   

40 116    

Weshallfindy15i.e.numberofmengettingwageslessthan15. 

Takingx
-
0=

x
10,x=

1
1
5
5,

-
w
1

e
0

have
5 

n= 0 =   = =0.5 
h 10 10 

\usingNewton’sforwardinterpolationformula,weget 

 
15 10 10 10 10 

 
 
 
 
 
 
 
 
 
 

 

=9+15–0.625+0.125=23.5=24approx. 

NumberofmengettingwagesbetweenRs.10and15=24–10=5approx. 

y =y +nÑy + n(n+1) Ñ2y400+ n(n+1)(n+2) Ñ3y400+.... 
410 400 200  2  1.2.3  

 

y =y +nDy + n(n-1) D2y + n(n-1)(n-2) D3y  

    2!    3!    

  =9+(0.5)´30+ (0.5)(0.5-1) ´5+ (0.5)(0.5-1)(0.5-2) ´ 2 
     2  6  
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Example–6: 

 

 2  f(x)   3 

Findthecubicpolynomialwhichtakesthefollowingvalues: 
 

x 0 1 2 3 

f(x) 1 2 1 10 

Solution: 

Thedifferencetableis 
 

x f(x) Df(x) D2f (x) D3f(x) 

0 1    

  1   

1 2  –2  

  –1  12 

2 1  10  

  9   

3 10    

 
Wetakex 

p 
=0and = x-0 

 
=x 

 0  h  

\usingNewton’sforwardinterpolationformula,weget 

x x(x 1) 
= 

x(x 1)(x 2) 
- - f(-0)+ Df  

(0)+ Df(0)+ Df(0) 
1 1.2 1.2.3 

=1+x(1)+
x(x-1)

(-2)+
x(x-1)(x-2)

(12) 

2  6     

=2x3+7x2+6x+1,whichistherequiredpolynomial. 

Tocomputef(4),we takex =3,x=4sothat p= x- xn =1 

 n    h  

UsingNewton’sbackwardinterpolationformula,weget 

f(4)=f(3)+nÑf(3)+ n(n+1) Ñ2f(3)+ n(n+1)(n+2) Ñf(3) 
 1.2   1.2.3  

=10+9+10+12+41 

which is the same value are that obtained by substituing x= 4 inthe cubic polynomialabove. 

Obs. The above example shows thatif a tabulatedfunction is a polynomial,then interpolation and 

extrapolation give the same values. 

Lagrange’sInterpolationformulaforunequalintervals: 

f(x)= 
(x-x 

1 

)(x-x 
2 

).....(x-x 
n 

 
 

)
(x-x1)(x0-x2). ............... (x0-xn) 
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

y(x x1)(x x2 ) ............... (xxn) 

0
( x1x0)( x1x2) ............ (x1xn) 

 

y1 ....... 
(xx0)(xx1) .......... (xxn1) 

 (xn x0)(xnx2) ......... (xn xn1) 

Lagrange’sMethodforunequallyspacedvaluesofx: 
 

x
(yy1)(yy2)........ (yyn) 


(yy0)(yy2)........ (yyn) 

(y0 y1)(y0y2)........ (y0yn) (y1 y0)(y1 y2)........ (y1yn) 

   

.... 
(yy0)(yy1)........ ( yyn1) 

     yn y0)(yn y1)........ (ynyn1) 

Example–7: 

Use lagrange’sinterpolationformula to find thevalue of ywhenx = 10,if the following values 

of x & y are given. 

Solution: 

 

Here x05 x16 x29 x3 11 

and y012 y113 y214 y3 16 

Puttingx=10andsubstitutingtheabovevalueinLagrange’sformula,weget: 

f(x)
(xx1)(xx2)(xx3)


(xx0)(xx2)(xx3).y1 

(x0x1)(x0x2)(x0x3) (x1x0)(x1x2)(x1x3) 


(xx0)(xx1)(xx3) (xx0)(xx1)(xx2) 

.y2 .y3 

(x2x0)(x2x1)(x2x3) (x3x0)(x3x1)(x3x2) 

f(10)(106)(109)(1011)12(105)(109)(1011)13 
 6)(59)(511)(65)(69)(611)(5 

(105)(10 6)(1011) 14(105) (106)(109)16 
 5)(96)(911)(105)(116)(119)(9 

 

 41(1)  1251(1)  13 
 (1)(4)(6) 1(3)(5)  

 

54(1) 14541164865280320 

43(2)65 22415 24 60 

=2–4.33+11.66+5.33=14.66 
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x 

f(x) 

5 

x

 

Example–8: 

Applylagrange’smethodtofindthevalueofxwhenf(x)=15fromthegivendata. 
 

Solution: 

Here 
 

x0=5, x1=6, x2=9, x3=11 

y0=12, y1=13, y2=14, y3=16 

Takingy=15andusingtheaboveresultsinLagrange’sinverseinterpolationformula. 

(yy1)(yy2)(yy3) (yy0)(yy2)(yy3 ) 

xf(x) (yy)(yy)(yy)x0( yy)(yy )(yy). x1 
0 1 0 2 0 3 1 0 1 2 1 3 


(yy0)(yy1)(yy3)

. 
 yy0)(yy1)(yy2) 

2 .x3 

(y2y0)(y2y1)(y2y3) (y3y0)(y3y1 )(y3y2) 

(1513)1(1514)(1516) 5(1512)1(1514)(1516)  6 

(1313)(1214)(1216) (1312)(1314)(1316) 

(1512)1(1513)(1516)9(1512)1(1513)(1514)11 

 12)(1413)(1416)(1612)(1613)(1616)(14 

 

21(1)  5 31(1)  6 32(1) 9 321 11 
 (1)(2)(4) 1(1)(3)  21(2)  432  


56

27 11 
  =1.25 –6 +13.5+2.75=17.5–6 =11.5 

424 

Assignment 

1. Findacubicpolynomialwhichtakesthefollowingvalues 
 

 x 0  1 2 3 

 f(x) 1  2 1 10 

2. Giventhevalues      

 x 5 7 11 13 17 

y 150392145223665202 

Evaluatey9usingLagrange’sformula. 

3. Givensin 45°=0.7071, sin 50° =0.7660, sin 55° =0.8192andsin 60°=0.8660. Find sin 52° 

usingNewton’sforwardinterpolationformula. 

rrr 

14 13 12 

9 6 

16 

11 
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CHAPTER–6 

 

NUMERICALSOLUTIONOFEQUATION 

1. Anexpressionoftheform 

f(x)=a0xn+a1xn–1+ ................ +an–1x+an 

wherea0,a1,a2, ........... an¹0areconstantandnisapositiveintegeriscalledapolynomial 

inxofdegreen. 

2. Thepolynomialf(x)=0 

Forexample (1)2x2+x2– 13x+6=0 

(2)x3–4x+9=0 

arecalledalgebraicequation. 

3. Transcendentalequation- 

If f(x) is afunctions other than algebraic function such as trigonometric, 

logarithmic,exponentialetc.then f(x)iscalled transcendentalfunction. 

4. Rootofanequation- 

Thevalueofxwhichsatisfiedf(x)=0iscalledtherootoftheequation. 

Geometrically a rootofthe equation f(x) = 0&y=0is thevalueof xwherethe graph meet the 

y-axis. 

5. Solutionof anequation- 

Theprocessoffindingarootofanequationisknownasthesolutionofanequation. 

6. Differentmethodstosolvetheequations. 

(a) Analyticalmethod 

(b) Graphicalmethod 

(c) Numericalmethod 

7. Limitationofanalyticalmethod 

Thismethodsproduceveryexactandaccurateresults.Butitfails inmanycasessuch as it fails 

tofind roots of transcendentalequation. 

8. Limitationofgraphicalmethod- 

Thismethodsaresimplebutthesemethodsproduceresulttoalowdegreeaccuracy. 

9. AdvantagesofNumericalmethod– 

This methods are often of a repetitive nature. These consist in repeated execution of the 

same process. Where each step the result of proceeding step is used. This is known as 

iterationprocessand is repeated till the result isobtained to a desired degree of accuracy. 
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Thefollowings are some Numericalmethods to find rootof algebraic and 

transcendental equation – 

(1) Bisectionmethod 

(2) Newton–Raphsonmethod 

Bisectionmethod: 

Thismethodconsistsoflocatingarootoftheequationf(x)=0betweenaandb.Iff(x) is continuous 

between a and b, and f(a) and f(b) are of opposite signs then there is a root 

betweenaandb.fromthegraphf(a)isnegativeandf(b)ispositivethenthereisaroot 

liesbetweenaandb.Thefirstapproximationtotherootis 
1 

x1  (ab) 2 

y 
 

 

 

 

 
a 

 
 

 
 

 
 

 

x2 

   

 

 

 

 

x 
 x 3x 1b 

if f (x) = 0, then x1 is the root of equation f(x) = 0. Otherwise the root lies 

betweenaandx1orx1andbaccordingtof(x1)ispositiveornegative.Thenwebisecttheinterval 

andcontinuetheprocess untilthe rootisfoundtodesired accuracy. 

Inthefig.1f(x1)is+ve,sotherootliesbetweenaandx1.Thenthe2ndapproximation 
 

 

 

approximationtotherootisx3



Example–1: 

(a) Findarootoftheequation 

1
( x1x2) and so on. 2 

x3–4x–9=0usingthebisectionmethodcorrecttothreedecimalplaces. 

Solution: 

 

 

Let f(x)=x3–4x–9 

f(2)=(2)3–4(2)–9=–9(–ve) 

f(3)=(3)3–4(3)–9=6(+ve) 

arootliesbetween2and3. 

 
totherootis 

 

x2 1 
a x 

(  1).Iff(x)is–ve,therootliesbetween 
 
x 

 
andx.Sothethird 

   2 1 1 2 
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Firstapproximatetotherootis 

1 
x1 (23)2.5 

2 

f(x1)=(2.5)3–4(2.5)–9=–3.375(–ve) 

therootliesbetweenx1and3.Thesecondapproximationtotherootis 

x2
1

(x13)
1

(2.53)2.75 

2 2 

f(x2)=(2.75)3–4(2.75)–9=0.7969(+ve) 

the root lies between 2.5 and 2.75 

1 
 

Sox3=2(2.5+2.75)=2.625 

f(2.625)=(2.625)3–4(2.625)–9=–1.4121(–ve) 

therootliesbetween2.625and2.75. 

1 

x4=2(2.625+2.75)=2.6875 

Repeatingthisprocess,thesuccessiveapproximationare 

x5=2.71875,x6=2.70313,x7=2.71094,x8=2.70703,x9=2.70508, 

x10=2.70605,x11=2.70654,x12=2.70642.Hencetherootis2.7064. 

Example–2: 

Find the rootof the equationxlog10x = 1.2which lies between 2 and 3,using bisection method 
taking 2 stages. 

Solution: 

Letf(x)=xlog10x–1.2=2×log102–1.2 

=2×.3010–1.2=–0.5979(–ve) 

f(3)=3×log10x–1.2=0.2314(+ve) 

therootliesbetween2and3 

1 

x1=2(2+3)=2.5 

f (2.5)=2.5(log102.5)–1.2=–0.205(–ve) 

therootliesbetween2.5and3 

 

 

Hencetherootis2.75. 

Example–3: 

1 
 

x2=2(2.5+3)=2.75 

 

 

1 
 

 

By using the bisection method, find an approximate root of the equation sin x = x ,that 

lies between x =1and x =1.5(measuredin radians). Carry out computations upto the 7th 

stage. 
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Solution. 
  

Letf(x)=xsinx–1.WeknowthatV=57.3º 

Since f (1)=1 ×sin(1)–1=sin(57.3º)–1=–0.15849 

and f(1.5)= 1.5×sin(1.5)r–1=1.5×sin (85.95)º–1=0.49625; 

arootliesbetween1and1.5. 

1 
 

\firstapproximationtotherootisx1=2(1+1.5)=1.25. 

Thenf(x1)=(1.25)sin(1.25)–1=1.25sin(71.625º)–1=0.18627andf(1)<0. 

\arootliesbetween1andx1=1.25. 

1 

Thusthesecond approximationtotheroot isx2=2(1+1.25)=1.125. 

Thenf(x2)=1.125sin(1.125)–1=1.125sin(64.46)º–1=0.01509andf(1)<0. 

\arootliesbetween1andx2–1.125. 

1 

Thusthethirdapproximationtotherootisx3=2(1+1.125)=1.0625 

Thenf(x3)=1.0625sin(1.0625)–1=1.0625sin(60.88)–1=–0.0718< 

0andf(x2)>0,i.e.nowtherootliesbetweenx4=1.0625andx2=1.125. 

1 
 

\ fourth approximation to the rootis x4 =2(1.0625 + 1.125) = 1.09375 Then 

f(x4) = – 0.02836 < 0 and f(x2)> 0, 

i.e.,therootliesbetweenx4=1.09375andx2=1.125. 
1 

 

\ fifth approximation to the rootis x5 =2(1.09375 + 1.125) = 1.10937 

Then f (x5) = – 0.00664< 0 andf (x2) > 0. 

\therootliesbetweenx5=1.10937andx2=1.125. 

Thusthesixthapproximationtotherootis 

1 

x6=2(1.10937+1.125)=1.11719 

Thenf(x6)=0.00421>0.Butf(x5)<0. 

\therootliesbetweenx5=1.10937andx6=1.11719. 

1 

Thusthe seventhapproximationtotheroot is x7=2(1.10937+1.11719)= 

1.11328Hence thedesiredapproximationtotherootis 1.11328. 
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A(x0,f 

x= 

y 

 

(x0) 
 

 

 

 

 

 

 

x 
1 x  0 x 

 

Inthismethod,insteadoftakingtwoinitial roughapproximationstotherootx=aasin 

theprevioustwomethods,asingleroughapproximationx0totherootistaken.Thenweuse 

thefollowingformula,knownasNewton-RaphsonformulaorNewtoniterationformula,to get the 

successive approximations. 

f(xn) 

xn1xnf1(x) 
n 

. .... (1) 

Puttingn=0,1,2,..................etc. intheabove formula (1),weget the first, second, third 

approximations as follows. 

f(x0) 

x1x0f1( x) 
1 

 

f(x1) 

x2x1





x3x2

f1( x) 
1 

 

f( x2) 

f1( x) 
2 

Thismethodisuseful incasesof largevaluesoff1(x)i.e.,when the graphof f (x)while crossing the 
x-axis is nearly vertical. 

Theprocessof findingsuccessiveapproximationsto theroot(i.e.,x1,x2, x3etc.) may be 
continuedtill the rootisfound to desireddegreeof accuracy. 

Example–4: 

FindbyNewton’smethod,arootoftheequationx3–3x+1=0correctto3decimalplaces. 

Solution: 

Let f(x)=x3–3x+1 

f(1)–1–3+1=–1 

f(2)=23–3.2+1=8–6+1=3 

ÞTherootoff(x)liesbetween1&2 



 

1 2 2 

2 2 2 
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Letx=1.5,Alsof(x)=3x2–3 
0 1 

Newton’sformulagives 
f(x) (x33x1) 

x x  x
1n  n2n  

n1 n f (x) n 2x3 
n n 

3x33x3x33x12x31 
 n n n n   n  

3x23 3x23 
n n 

...(1) 

Puttingn=0in(i),thefirstapproximationx1isgivenby 

x
2x0

31 


2(1.5)3 1


23.3751 


5.75 
1.533 

3x0 3 3 (1.5) 3 3 2.25  3  3.75 

Puttingn=1in(i),thesecondapproximationx2isgivenby 

x
2x1

31 


2(1.533)31


23.60261


6.2052
1.532 

3x4 3

 3 (1.533) 3 3 2.35  3 4.05 

Example–5: 

FindtheNewton’smethod,therealrootoftheequation3x=cosx+1 

Solution: 

Let f(x)=3x–cosx–1 

f(0) =–2=–ve,f(1)=3 –0.5403–1 =1.4597++ve 

So a rootof f(x) =0lies between 0and 1. It is nearer to1.Let us take x0=0.6. Also f 

(x) = 3 + sin x 

\Newton’siterationformulagives 

x x
f(x 

n 

)
x3xncosxn1xnsinxncosxn 1 

n1 n f(xn) n 3sinxn 3sinxn 
...(i) 

Puttingn=0,thefirstapproximationx1isgivenby 

xx0sinx0cosx01(0.6)sin(0.6)cos(0.6)1 
1 3sinx0 3sin(0.6) 

0.60.57290.8253310.6071 

30.5729 

Puttingn=1in(i),thesecondapproximationis 

xx1sinx1cosx110.6071sin(0.6071)cos(0.6071)1 
2 3sin x1 3sin(0.6071) 

0.60710.570490.821310.6071Clearly, x=x. 

30.57049 1 
2 

Hencethedesiredrootis0.6071correcttofourdecimalplaces. 
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Assignment 

1. Find a root of the following equations, using the bisection method correct to 

threedecimal places. 

(a) x3–x–11=0 

(b) x4–x–10=0 

2. Find by Newton-Raphsonmethod, arootof the followingequations correctto 3decimal 

places. 

(a) x3–3x+1=0 

(b) 3x3–9x2+8=0 

3. UsingNewton-Raphsonmethodtoevaluatethefollowing 
 

 1   

(a) 
 

 

32 (b) 41 
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