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CHAPTER-1

MATRICES

Minor — Minoristhe determinatevalue which isobtainedby deleting row& coloumnof the

particular element and denoted by the symbol ........... , I-rows j-coloum.
€2 1 30
4.2 g
Ex:é u
&5 6 10
é a
M 1 3=1-18=-17
2 36 1

M 2 3=16-12=4
2 34 §

Upper triangular Matrix —A matrixis said to be uppertriangularif the elements below
the main diagoned are zeros.

Aél 590

e i
EX.s0 374
é0 08

é a

Elementary transformations: — The followingoperationsthree of which refer to rows are
known as elementary transformations.

I Theinterchangeofanytworows(Rij)
Il.  Themultiplicationofanyrowbyanon-zeroscalar(kRi)

I1l.  The additionof aconstantmultiple of the elementsof any rowto the corresponding
elements of any other row (Ri + kRj)

Equivalent matrix — Two matricesA and Baresaidto be equivalentif one can be obtained from
theotherby asequenceof elementarytransformations.

Rankofamatrix: Amatrixissaidtobeofrank‘r’ if
(i) Ithasatleastonenon-zerominoroforder‘r’
(i) Everyminoroforderhigherthan‘r’varishes.
TherankofamatrixAshallbedenotedbythesymbole(A).
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WorkingRule :
Step—I:Converthematrixtotheuppertriangularform.
Step-I11:Theno.ofnon-zerorowsistherankofthematrix

Example-1:
€3 -1 24U
Findtherankofthematrix 624
8-3 120
é 1]
Solution:
3 -1 2u
é a
A=s-6 2 4
g3 1 20
é a
€3 -120
é U
~ & 0 sa®R  +2R
-3 1 20 2 1
é a
€3-120é
1]
~ &0 o0 8o
8004 u
€ U SR3+R1
€3-120é
0 1]
~ & 0 8
€000u
g 52Rs-R2
r(A)=2

Consistency :A systemof equatiars are said to be consistent if eitherthey will have unique
solutiononmanysolutionandsidtobeinconsistentiftheywillhavenosolution.

2x+3y=8 X+2y=5 x-y=10
xX—2y=4 2x+4y=10 3x-3y=15
(uniquesolution) (manysoluion) (Nosolution)

Consistencyofa systemoflinearequations:-
Considerasystemofmlinearequations

atixi+axet....... +awxn=ht i
axtax to. +ax =b|b

.................................................. i ...

b
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Containingthenunknowsx,x.............. X.
12 n
Writingtheaboveequationsinmatrixformweget.
a
éana............... tn() .
éa  a...a 0 ]
é 2122 n L], bz
A=, uB=
€ :
............................... ( :
a bm
€a [> V- a
l,é ml
m2 mnU
C:A[ B]
2118120 1N . b
P W BRI bu
C é 21 22 2n 20
é a

géamiamz...... amn...bm0

A is the co-efficient matrix and
C is called agumented matrix
Rouche’sTheorem:(Without proof)

The systemof equations (1)is consistantif andonlyif the co-efficientmatrixA and the
augmentedmatrixCareofsomerankotherwisethesystemisinconsistent.

Proceduretotesttheconsistencyofasystemofequationsinxunknows.

Findthe ranksofthe co-efficientmatrix A andthe augmentedmatrix‘C’by reducingto the
uppertriangularformby elementary rowoperations.

(a) Consistantequations:IfRankA=RankC
(i) UniquesolutionRankA=RankC=n
Wheren=numberof unknowns.

(i) Infinitesolution:RankA=RankC=r.r<n.

(b) InconstantequationsifRankA'RankC
Example-2:

Showthattheequations

2x+6y=-11,6x+20y—6z =—3,6y—18z=—1arenotconsistant.
Solution:

Writingtheaboveequationsinmatrixform

€26 OUéxie-110

é Uéu e

$  20-608Y0e-30, AX=B
é0 6-180€ézls-10

é aeae a

A X B
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€256 Ou é-110

é e =3u
A=620-6(1B= ~ C=[AB]
60 6 -18u é-10
g a e G .
: U ¢ -0
é626 0:--11 é26 011
C=620-6:-3 o ,02 6300  @R,3R,
€06-18:-1 U €é06-18:-1 u
8 0 & a
€2 6 0 :-11u
~80 2-6 :300
é -u 3 2
€000: 910®R 3R
Therank of C is 3
andrankofAis2
RankAlRankC.

\Thesystemofequationsarenotconsistant
Example-3:
Testconsistencyandsolve:
Sx+3y+7z=4
3x + 2by +2z = 9
7x+2y+10z=5
Solution:
Writingtheaboveequationsinmatrixform

€5370uéxugé 4u
é U éuéd
£32b2¢¢¥6e% s AX:B,C:[AB]
e7210uezue5u
A X B
& 3 7 wt
,\l 5 1

é 0]
é 3 7 4 |
il 5 5 g
¢ 33,
é0121 -11. U®R  2-3R1
€ 5 5 5 G
T o o1 3y
& 5 5 BUI®R3-7R1
;!

a
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é 3 7 40
1 _ —
¢ 5§ U
R E It 33!
6 5 5 50
% 0 0 0% 1
& u
8 (®R3+ TRz
8 1] 11

Here Rank of A = Rank of C.Hence

the equations are consistent.
Buttherankislessthan3i.e.thenumberofunknows.
Soitssolutionsareinfinite

¢ 3 7u YN
= S
¢ X
goﬂ iluéggﬁﬂ €=
¢ 5508 Y0 7650
ué 246000008008
a &l
] 0] éd
3 7 4
X+ l/+ ZE _
5 5 5
121y-112_=330Q1y—z:3

555

Letz=k,11y—k=3 ory=3+K

1111
33 kua 7 4 -16 7
X+—6— +— (+—k=—0rx= —k+—
511 10 5 5 11 11

Example—4:
Determinethevaluesofl&msothatthefollowingequationshave

(i)nosolution(ii)auniquesolution(iii)infinitenumberofsolutions.
X+y+z=6,x+2y+3z=10,x+2y+lz=m

Solution:
Writingtheaboveequationsinmatrixformwehave

#1110a&ex0860 c
+(;+(;+Q123+@y+
=¢10+

¢ GG
¢221987@:Mg

A X B
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\AX=B
C=[A:B]
e1 1 16 el 1 1 : 6uL,l
Cc=¢ u~é 2 - 4 ®RzR:1
612 3104 601 0
é13 I:mg €01 I-1:m-60
é 0 é 0®Rz-R1
gl 1 1 6 H
~ & 1 2 4 q
€00 I-3:m-1Oﬂ—>R3—R2
é a

(i) Thereisno,solution=br(A)r(C)
i.e.-3=00rl=3&m-10%00rm*10

(i) There is a unique solution if r(A) =r(C) =3
i.e.,,l -3 0orl * 3 andm have any value

(i) There are infinitesolution ofr(A) =r(C) = 2I-
3=10orl =3 andm- 10 = 0orm= 10

Assignments
el 230
8 a
1. Findtherankofthematrix 2 4
&3 6100
2. Testtheconsistency&solve 4x
—-5y+z=2
3x+y—2z=9
X+4y+z=5

3. Determine the values of a & b for which the system of
equations 3x—2y+z =D
5x—8y+9z=3
2x+y+az=-1
(i)hasauniquesolution(ii)hasnosolution(iii)hasinfinitesolution.

rrr




COMPLEX NUMBERS
INTRODUCTION

We have the kmowledgze of integers, fractions and irrational number (all these constitute real mumbers).
But if we try to solve the equation x2 + 1 =0, we observe that these numbers are not adequate. Trying

to solve this equation, we arriveatx’ =-lieg=-1 .

Square of a positive real number is positive and that of a negative real is also positive. So there is no
real number whose square is negative. So we are to create a new kind of number. We define the square

oot of a negative number as imaginary number’ pargicularly —1 = 1, the basic imaginary number.

Then ~v—4 =21, -2 = Q'?andsuun.
Imaginary numbers :

Taking 1= ~~1, we observe that

i2=-1
f=-1i=4
it=1
Since i=li=f=Ff=i=___ = =1 where n is an integer.

L=if=il0=jlé= =jHm=2
F=iT=ill=jls=_ = j4m=3
f=if=ijll=jlé=_ =i

COMPLEX NUMBERS

The numbers of the form a + ib where a and b are real numbers and 1 = -1,/ are known as complex
numbers.

In complex number z= a+ ib, the real numbers a and b are respectively know as real and imaginary
parts of z and we write :
Fe(z)=aandIm(z)="b

Thus the set C of all complex numbers is givenby C = {z:z=a+1ib, wherea, b = R}
Purely real and purely imaginary numbers ;

A complex mumber 7 15 said to be
(1) Purely real, if Im (z)=10
(11) Purely imaginary, if Re (z) =0
Thus, 2, -7, /3 etc are all purelv real numbers.
While2s, § /3 =L i etc are purely imaginary.
2
Conjugate of a complex number :
The conjugate of a complex number 'z, denoted by 7 is the complex number obtained by changing the

sign of imaginary part of z.

e 0331 -3 d3osil-g-3i,

Gi=—6i— N =2i

8 EngineeringMathematics— 11l
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Modulus of a complexnumber : Ifz=x + iy be a complex munber, the modulus ofz, wiitten as |z | is

B =]
arealnumberyx* +y* .

For z=3+4i, |z|=+3% +4% =3
Alzo | E=|z].
Ifz=x+iy, Z=x-1y .

5 7 T s a3 § 3
E|= = +v° 2R +(-¥) =vaf + v

v
SUM DIFFERENCE AND PRODUCT OF COMPLEX NUMBERS

For any complex mumber

z1=(a+ib) andz;= (c +id)

we define

0 z1+ z2=(a+ib) + (c +id) = [(a + ) *i (b + )]

(i) z1—z2=(a+ib)—(c +id) = [fa — ) i (b — d]

(iii) zjzz=(a +ib)c +id) = [[ac —bd)+ 1 {ad+ bc]]
CUEE ROOTS OF UNITY

Let: ] = x, then

® = ljon cubing both sides]

BExi-1=10 Pr-1Eisz=1)=0
Px-1=0 or xl+x+1=0

-1x/1-4
Px=1 or x= hd
1
143
I::'x:l or . 1_1\ 3
2
. The cube moofs of wmity = 1, -l 1\,3&1{__‘_1‘1\3
2 2

Clearly one of the cube roots ofunity is real and the othertwo are complex.

— 1 4 - " "

Example—1: Express in the form a + ib

145 (1+i)*
() 2-3i (i) 3-i ie
345 (343 Q +3) E+10i+9i+150 9 +19i -9
Sof' : (i) 2-31 =(2-30) Q2 +3) = 1-9f = 13 =B
L (+if g+t s2ijie) 6i-28 gi+1 13
(i) . — Y —— = - TieT
3-i (3I-1)(3+1) g —i- 10 = 5 751

Evample - 1 : Find the value of i'” +#9 13
L S e R IS E S S R L (5 R R 1) (1) S
=13+ 0—-1) fi=i+t1-i=1
Example—3 : Tf 1, w, w? are the cube roots of unity prove that
@ A-w) - w)d- wha- wH)=9
Sol":LHS. (1— w) (1— wh (1- wH(l- wh
=(1—w) (1 — wi(l— w. w)(l— wwd
=(1-w(l—wh(l-w(l-wh
= (= WP (1= WA= [~ W) (1~ WAF

19

+13:

3
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=[(1-w— w+wWP=12- w- wi?
= (2+1)7=3=9
Txample—4: Find square roots of
(a) 3+ 4i
iol"s(a) LetxveR x+tiv=s3+ 44
xl-yl+iZxy=3+4
Equatingreal and imaginary parts
xl-yIi=3and2xyv=4
3+ y P = (a2 —y P - 4xly2= 25

Hencex?+v? =1+ 3, Butsince x2+ v2 is non-negative we have

XETye= 5
7
X‘—}"=3
7
2x-=8
2

le.x =4 ie x=t2 v

¥V
Hence squarerootsof 3+ di==% (2 +1)
Assignment
1. Ifwbe the cube roots of unity, then prove

that(1—-w+w 37+ (1 + w+wl)’ =128
2. Findsquareroots of -3+ 12+-1




CHAPTER=2

LINEARDIFFERENTIALEQUATIONS

Introduction:

TheMathematicalformulationofmanyproblems in science,Engineeringand
Econom-ics gives rise to differentialEquations.

Forexample:Theproblemofmotionofasatellite

I Theflowoffluids.

I Theflowofcurrentinanelectriccircuit

I Thegrowthofpopulation

I TheConductionofheatinrodetcleadstodifferentialequations
DefinitionofDifferential Equation:

A differential equation is an equation involving derivatives of one ormore
dependentvariableswithrespecttooneormoreindependentvariables.

TherearetwotypesofDifferential Equation

1. OrdinarydifferentialEquation

2. PartialdifferentialEquation
Example:

@ ﬂ-i‘y:xzdx

3 2
() 9Y430Vi0dy.yg
dd  dd  dx
Tuefus?
© — +«— =4
t efte
LineardifferentialEquation:
Linear differential Equations are those in which the dependentvariable and its
deriva-tivesoccuronlyin thefirstdegree and arenotmultipliedtogether.

ThedifferentialEquationoftheform

d'y Oty Aoy
Wkldxntl-l-k? EX”’Z_ Ky =X e, (1)
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Isknownaslineardifferential Equationwithconstantcoefficients.Wherek,K.......................... k
areconstant, Xisthefunctionofx.
TherearetwotypesoflineardifferentialEquation

1. HomogeneousLDE
2. NonHomogeneousLDE

HomogeneousL inearDifferential Equation:
IfRHSofEquation(1)isEqualtozerothenwegethomogeneousLDE.

o dy Oy Oy
e o +k1 ax”*I +ka ax”*_z +ooroeHny=0

Wheref(x)isthefunctionofx’
ThegeneralsolutionformatofEquation(1)oftheform(C.S=C.F+P.I)
WhereC.S.—CompleteSolution
C.F—Complementaryfunction
P.1-Particularintegral
SocompletesolutionofEquationbecomes(y=C.F+P.I)
Note -1:IncaseofHomogeneousLDE
C.S=C.F[whereP.1=0]
Note-2:IncaseofNon-HomogeneousLDE
C.S=C.F+P.l
Operator:
d dd®

2
Denoting — ~ [ e byD,D,Detc.
dde d)(2 dX3

Sothat =Dy

3

WhereD—Derivative
1

ThenD-Integration
Then operator form of equation (1)

becomesD"y+K1D™ Ly+koD™ 2y + +Kny=X

b (D"+kiD™1+koD"%+................ +kn)y=X

PF(D)y=X...... )

WhereF (D)=D"+kD"  +k Dns +........ +k offunctionD
1 2 n
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AuxiliaryEquation(AE)
PuttingthecoefficientofyequaltoZeroinEquation(2)wegetanAuxiliaryEquation.
i.e.F(D)=0
i.e.D"+kiD" L +koD" 2. +kn=0

Depending valueof'D’ inAuxiliaryEquation,complementaryfunctionare
different types.

Case-l:Ifrootsarereal&Different
Letmi&mzaretworealrootsanddifferent
i.e.m;t m2
Then C.F = Ciemax + C2em2x
Where C1,C2, arearbitrary constant

Case-I1:Ifrootsarereal &Equal
Letmi&moaretworeal roots&Equal
i.emi=m2
TheC.F=(C;+Cyx)em;x
Similarlyifmi=m2=m3(ThreerootsareEqual)
ThenC.F=(C1+Cax+C3x?)e™*

Case-I11:IfrootsareComplexconjugate
Let m; = a xibare conjugate complex root
Then C.F = e® {Cicosbx + Casinbx}

Case-1V:Iftwoconjugatecomplexrootsareequal
Letmi=m2=azibareequal

ThenC.F=e®{C1+C2x)coshx+(C3+Cax)sinbx
Example-1:

dzy—8dy
Solve — ~ —+15y=0........... 1
dxz dx 4 (1)

Solution:
Theoperator fromofequation(1)becomes
(D?>-8D+15)y=0
So Aucxiliary Equation D*—

8D+15=0
b (D-3)(D-5)=0
b D=35

ThenC.F=Ce¥+Ce™

1 2
SocompleteSolution

y=Ce¥+Ce> (Ans)
1

2
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Example-2:

Solvedzy_—GQY+9y=0
d  dx
Solution:
The operator from of given equation is
(D>’-6D+9)y=0
ThenAE D*-6D+9=0
p (D-3)=0
p D=33
C.F=(C+Cx)e*
ThenC.Sy:I(C ’ +C;<)e3x (Ans)

1

Example-3:

Solve(D?+4D+5)y=0
Solution:

SoAE D%+4D+5=0

4+ 16-4.1.5
D= 2.1

e

2

s
i 2+

ThenC.F=e2{C Cosx+CSinx}
1 2
SoC.Sy=e2*{CCosx+CSinx} (Ans)
1 2
Proceduretofindingparticularintegral.
WeknowthatF(D)y =X

Py
F(D)
Depending upon natureof ‘X’, Particular integral are different types
Case —1 : When X = e

Cax

Then P.I=F(a)whereD=a

IfF(a)=0,Then Pl= XEe providedF¢(a)0
F(a)
XeBax
IfF¢(a)=0,ThenPl F'(a) providedF2(a):0

Andsoon.
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Case—2:WhexX=sin(ax+b)orCos(ax+b)

sin(ax+b)
Then PI” _ C  pytp?=a?
FD?
ButnotD=-a
Sin(ax+b)

- F(-a:)providedrF(-a®)10
IfF(—a®)=0, TheaboveruleFails&Weproceedfurther

xsin (ax+b)
ieP.1 Fo (-az) ,ProvidedF¢(—a?)0
Sin(ax+b)
IfFe(-a2)=0, ThenP.l =x2 _(___ )Provided F(-a’)0
Fe¢-a2
Andsoon

Case—3:WhenX=ev,Wherev=functionof*x’

ThenPl=(_ % )
F D
=ax 1

D)

Similary when X = e ®yv

Then P1 =e 2 1 v

FD+a
Case—4:WhenX=xM(ig,x,x2 X3 )
= ~m
ThenPI O=[F(D)]x
FD

ConvertF(D)into{1+F(D)}or{1-F(D)}bytakingD™
(ifpossible). ThenbyusingBinomial Theoromwefindsolution.
Case-5:WhenX=xv

ThenP. 1=
F(D)
T ( )iv
i FeDU
=ix. y WhereF¢(D)istheDerivativeofF (D)

i b
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Case-6:Whenx=isanyotherfunction

X
ThenP.l1= F(D)
ConvertF(D)into(D— a)or(D+a)factorform

X X

Thenif= D—a  =60Xe if=  D—a =e0xeddx
Example—4:

FindP.lof(D?+6D+3)y=e*

Solution:
P.l= e putD=a
D%+6D+3
i.e.D=2
ThenP.l.= e
(2)%4+6(2)+3
_ e2x :ez X (AnS)
4 +12+3 19
Example-5:
3 2
Solved Y — 30°Y, aydY 2y—e %+ cosx dx 3
dx? dx
Solution:

The operatorform ofgivenequation becomes (D?
—3D?+4D -2) y = e+ cosx

SoAE D3-3D?+4D-2=0
PD-1,1%i

pPD=1, 1#i
C.F=Ce*+ ¢*{CCosx+ CSinx}
1 2

3

X
e"+cosx
ThenPl=

D*-3D* +4D-2

Ex COSX

~(D-1)(D2-2D+2)+D3-3D%+4D-2

¢ COSX
=D-11-2+2 +-1D-3-1+4D-2

13
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¢ coix
" D-1 3D+
=€ +cosx(3D-1)
1 (3D+1)(3D-1)
3Dcosx—
=xe+( )
COSX
9D2-1
3sin y cos 1. .
-9-110

1

S0C.Sy=C1e*+e*{C2cosx+C3sinx)+xe*+10(3sinx+cosx}
Example-6:

FindtheP.1.0f(D3+1)y=e*cosx+sin3x
Solution:

P | —€"cosx+sin3x
D341
=" cosx__ +sin 3x
D+1 1 prpyg

—eX COSX +si n3x
-D%+3D%+3D+2 -9.D+1
= COS X +sin3x

D*+3D?+3D+2 1-9D

=* cotx +sin 3x

~D+3(-1)+3D+21-9D

o) C )

cosx2D+1 sin3x1+9D
== 2D-12D+1+

1-9D 149D

C ) ) C X )

:ex2D( COSX )+COSX ,Sin3x+9D (sin3x)4D%-1
1- 81D?

=x—2SINX+COSX4+SiN3X+27Cc0S3X
e(—l )-11-81(-9)4

_ =ex(23i_nx—cosx)+ 1(si N3x+27C0s3X) (Ans)
5 730
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Example-7:

2
dy
Solve ~ +9y=x cosx

dx?
Solution:
The operator form is (D? + 9) y= X cosx
SOAED?+9=0
b D%=9

p D=9/

P D=%3i

C.F =C; cos3x + C, sin3x

Now P.1 :XCOS X

D%+9
Here F (D) =D?+9
F¢ (D) =2D
i Fe(D)iy
ThenPl=, _F(D) (V)Q
; -
T p
i 2Diicosx
six- ——y——
7 D+9pD +9
i 2 Duicosx
=iX- ——y—
T D+9p-1+9

2
XCOSX D(cosx)

= 8 _g(D+9)

=XCOSX+2sinx
8 8’8

putD?=—1

=X COSX+SIiNX=4Xcosx+ Sinx
8 32 32

S0C.Sy=Ccosx+Csin3x-+4Xcosx+sinx
1 3 2

Example-8:
2
dy
Solve  +4y=x?
dx?
Solution:

The operation form given equation becomes

(D% + 4) y =X

(Ans)
32

17
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So AE. D,+4=0pP

D?=4
b D=4
b D=+2i

C.F=C;c0s2x+C,sin2x

2
X
ThenP.l= & D%,
41+ X
e 49
le D261
=1+ X2
48 4g
1i D2 D2 Uz
it s yX byusingBinomialtheorem
N 4 ., 16 b
1 iz D2X2) D2 2 u
w O () ey
N 4 16 b
1i, 2 1]
Zix -—toy
N 4 b
112x2-10) 2%2-1
= y:
4 2 p 8
2 1
SoC.Sy=C Cos2x+Csin2x+ (Ans)
1 2 8

OtherMethodforfindingP.1I:
MethodofvariationofParameters:
This method is applies to equations of the form
y* py¢ +qy =x
Wherep,q&xarefunctionofx.

ThenP.l= | —yp¥2Xdxsy o¥LXdx

Wherey1&y?are the solution of y2+py¢ + qy=0 of theform =ciy1+c2y2&w is called
wronskian of y1& y2

yi oy
y2'yz'

CalcuIatebyformulaw(yl,yz):
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Example-9:

dy
Solve = +y= cosecx

dx?

2

Solution:
The operator form of given equation is

(D? +1) = Cosecx
SOoAED?>+1=0
b D%=1
pD= J-1=0+i
C.F.=C,cosx+C,sinx
Herey;=cosxy,=sinx
W(y.y)

12

CoSX  sinx
—sinx COSX

=cos’x+sin’x=1

SiNX.COSECX SiNX.Cosecx
ThenP.I =—cosx0 1 dx+sinxC\) 1 dx
1 1

=—cosxOsinx. ~ sinx dx+sinxOcosx  sinx dx

——cosxOdx + sinxOcotxdx
=—cosx(X)+sinxInsinx
S0C.Sy=C;cosx+C,sinx+sinxInsinx—xcosx(Ans.)
Partial DifferentialEquation

Letz = f (x,y)be afunction containing two independentvariablex & yandz is the
Dependent variable.

Notation:Letz=f(x,y)beafunctionof x&y

oz 0z
Then ox=p oy=q
X2 oy
Prg
OXoy

FormationofPartialdifferential Equation
Apartialdifferentialequationcanbeformedby
(i) Eliminatingarbitraryconstant.
(i) Eliminatingarbitraryfunction.

17




10 EngineeringMathematics— Il

Example-10:
Formapartialdifferentequationbyeliminatingfunction
Z=f(x*+y?) (1)

Solution:

Differentiatingpartiallyw.r.t.x&yinequation(1)weget

0
—Z:f’(x2+y2).2x(takingyasaconstant)

OX
Pp=fe(x*+y).2x (2
Similarlyg=f¢(x?+y?).2y ..(3)

D f'(x2+y2).2x
Dividing(2)&@3)weget g = ()2
p:
7(CI y_
P py-gx=0 (Ans.)
LinearEquationoftheFirstorder:
A Linear partial differential equation of the 1st order is of the form
Pp+Qg=R
WhereP,Q&Rarefunctionof x,y,z.
ThisequationalsoknownasLagrange’sLinearequation
NOTE:
Thegeneralsolutionof thelinerpartialdifferentialequationPp +Qq =Ris f(a, b) =
0
Ora=f(b)
Orb=f(a)

Wheref is an arbitraryfunction & u (x,y, z)= a&v (x,y,z) =bform thesolution of the
equation

dx=dy=dzP

Q R
Thenthatcanbesolvedbytwomethods
(1) MethodforGrouping
(2) MethodforMultipliers

Methodorgrouping:
Take any twofractionfrom Subsidiary Equation such that the 3"variable is absentor it may
be cancelled.
dx=dy

ForexampletakeP o &suchthatzmaybe absent)
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AfterIntegrationwegetf(x,y)=a
dy=dz

SimilarlywetakeQ
Afterintegationf(y,z)=b
Sogeneralsolutionisa=f(b)
or b=f (a)
or f(a,b)=0
MethodforMultipliers
Let us choose the multiplier’s (P ¢, Q¢, R¢) such
That PP¢ + QQ¢ + RR¢ =0
Then we write P¢dx + Q¢dy + R¢dz =0
On Integration we getf (x, y, z) = a
Similarlychoosingthemultipliers(P2,Q2,R?)suchthat
PP2+QQ2+RR2=0
Onlntegrationwegetg(x,y,z)=b
Sogeneralsolutionisa=f(b)orf(a,b)=0
Example-11:
Solvey?zp+z2xq=y*x
Solution:
ItisoftheformPp+Qqg=R

WhereP=y?z,Q=2%x,R=y’x

Soitgs, E9X_dY_0z
yz X YX
Taking1%tand3"%fraction,weget

d—)z(zgy(l—;ereydvariabIeyziscancelled)
yZ  yX
P xdx=zdx

Integratingboths ideswegetf)xdx=f)zdz

b ¥ = +c
2 2

b x>-z%=2c=a

Similarlytaking2"dand3'™

j.e.dy dz

Xy

b yldy=7%dz

19
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Integratingbothsidesweget
») Y3223 +C1
=
b y>z3=3cl=b
Sogeneralsolutioninx®>—z?=f (y*-z°)
Example-12:
Solvex(z*-y*)p+y(x*+y*)q=z=(y*)
Solution:
It is the equation of the form

Pp+Qq=R
WhereP =x(z2-y?)Q=y(x*~z%)R=2(y*~x?)

dx dy dz
SoitsS.Eis x(Zz—yz) = y(Xz—Zz) = Z(yz—X2)

Letuschoosemultipliers(x,y,z)i.eP¢=x,Q¢=y,R¢

=zSuchthatx.x(z2-y2)+y.y(x>—z%)+z.z(y>-x?)

=x222 X2\ P+yPx2 2224722 722
=0
Then we write xdx + ydy + zdz =0

On integration we set

X241y 22—
2 2 2

px2+y?+z2=2c=a

211 10

Againchoosethemultipliersg - —
ex yzo

1

+iePe=_ Q=

X

1 1
Such thatx l><(22—y2}+y y(e—22)+ " 2(y*¢)

=22 24327242 x2=0
1 1 1
Then x dx+ y dy+ zdz=0
Onintegrationweget
logx + logy+ logz = logh
P log (xyz) = logb
P xyz=b

Sogeneralsolutioninx?+y?+z2=f(xyz)

(Ans)

EngineeringMathematics— Il

(Ans.)
1 1
— R? =_
y Z
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Solvethefollowings:

1. &y 13 Ay _j0y-6e®
A’ dx

2. ytC+3yC¢+2y=4cos’x

3. &Yy dy yy—x%*
dx*  dx

4. (D%*+a?)y=kcos(ax+b)

5. (D-2)%y=8(e**+sin2x)

6. d3_y _dy —6 dy =14x?

a3  dx®  dx

Assignment
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CHAPTER-3

LAPLACETRANSFORMS

GAMMAFUNCTION:
Thegrmmafunctionisdefinedas

I (n)=0%g""dx,ns0 (1)
Itdefinesafunctionofnforpositivevaluesofn.

Valueof G(1):

Wehave,
- (1) e x%x e e 1
O B 00 - o
Hence,G(1)=1 .(2)

ReductionformulaforG(n): We

have,
o0

F(n+1):60e‘xx”dx[lntegratingbyparts]
—x"e X PrnOF e X" Ldy=0+nG(n)

\G(n+1)=nG(n), ...(3)
whichisthereducationformulaforG(n).

UsingthereductionformulaforG(n),wecanwritethevalueofG(n)intheform,

(0 S

n

I'(n)=

Thus (1) and (4) together give a complete definition of G(n) defined for all values of n
except when n is zero or a negative integer and its graph isas shown in the followingfigure.




EngineeringMathematics—III

21| | g -~
: 1]
v o
. | -
—4 -:—3 - 4
VALUEOFG(n)INTERMSOFFACTORIAL

Using G(n+ 1) = nG(n) successively, we get

G(2)=G(1+1)=1x G(1)=1!

G(3)=G(2+1)=2x G(2)=2x1=2!

G(4)=G(3+1)=3xG(3)=3x2!=3!
In general G(n + 1) = n!.,, provided n is a positive integer.
Taking n=0, itdefines0!'=G(1) =1
Thus,G(n+1)=n! (forn=0,1,2,3.....) ceeceereeiere e 5)

ValueofG?
2:
Wehave,
ElO 00—x-1/2
G+ ex 9[Put x=ysothatdx=2ydy]
e20 o 2
=260°0e‘y2dy,Which isalso=200"e *2dx
é @® 1002 0000 ‘(X2+y2)
\aG, U 40000 dxdy  [Putx=rcosgandy=r sinq]
e e2ql
m2 2 poo —r2 é& 1 —r zOfJ o
=4 e-rdrdg=4x — e rdr=2p=e¢ -— € 0 =p

0o OO 200 ge 2 20
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&10
HenceGg — \/5 e (6)
¢ 20
Example-1:
®3H /0  ®ls
G(;—+XG<;—+XG(;—+
Evaluate,g2g 829 £2¢
G(4).G(6).G(8)
Solution:
®3H #0 @l
GQ_+><GQ+XGQ_ —_—
Wehave,2¢ 820 &2p
G(4).G(6).G(8)
21 O0x3 ﬁ 1163330
¢ +1+xGg~ XD — X5+ #xGe+X
e2 '] e2 '] 2 &9 €20
=G(3+1).G(5+1).G(7+1)= 315171
\/_ gl 0 3 210
p.3.Ge _ +1+, — pG; _*
_ 2 g 2 820 3R
4315171 43151, 71=8.31.51.71
=pp/__ =ppv_
16!1.51.719676800
Example-2:
EvaluateG(-3.5)
Solution:
G(n+1)
We know that,G (n)=
n
For all n expect n is zero or a negative integer.
Now, we have,
G(_3.5):G(-3.5+1):G(-2.5):G -2.5+1 _G(-15)
-35 -35 (-3.5)(-2.5) (3.5)(2.5)
_G(-1.5+1) G(-0.5) G(-0.5+1)

(35)(25)(-15)  (35)(2.5)(-15)  (3.5)(2.5)(-1.5)(-0.5)

_ G(0.5) _ Vo ~0.97
(3.5)(2.5)(1.5)(0.5) (3.5) (2.5)(1.5)(0.5)

\G(-3.5)=0.27
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Laplacetransforms :

Definition:
Let f (t) be a function of t definedforall positivevalues of t. Then the Laplace
transformsof f(t),denotedby L{f(t)}is definedby

L{F0)}=0"e (t)dt

Providedthattheintegralexists. sisaparameterwhichmaybearealorcomplexnumber.

L{f(t)}beingclearlyafunctionofsisbrieflywrittenasf(s).

i.e., L{f(t)}=f(s).
Thisimpliesthat,f(t)=L1{f(s)}
Thenf(t)iscalledtheinverseLaplacetransformoff(s).

Thesymbol L,whichtransformsf(t)intof(s),iscalledtheLaplacetransformationoperator.
CONDITIONSFORTHEEXISTENCE:

0

ThelLaplacetransformoff(t)i.e., (\)oe‘Stf(t)dtexistsfors>a, if
(Hf(t)iscontinuous
and(ii) limtex{e &4(t) }isfinite.
TRANSFORMSOFELEMENTARYFUNCTIONS:
The directapplicationof the definitiongivesthefollowingformulae: 1

(1) H{1}= s(s>0)

inl
n _'I'sn+1_ ,whenn=0,1,2,3,.........
@ U= Ty
iGn+ ,otherwise(s>0)
1 s
1
() L{e*}=s-a (s>a)

(4) L{sinat}=  s4a?  (s>0)

(5) L{cosat}=  s>-a®>  (s>0)

(6) L{sinhat}=s’>-a? (s>[a)




(7) L{coshat}=

PROOFS:
1)
! @
0
1
Sn+1
©)
(4)
(®)
(6)
0
1
2 .
e
(7

S
-’ (s>fa])

:Q;Stoo 1
J.dt=s =s,if $>0

0
] n
andt=0e_2ps

t .G—+. — ,onputtingst=p

0 €Sy S
s Oe‘p.p”dp

:M,ifn»lands >0

L{e*}=0e % e?dt=0¢ ¢ V=gt=

0

L{sinat}=0e 'sinatdt=

L{cosat}=0ecosatdt=

L{sinhat} =0°

L{coshat}=0°

n!
i itivei =n! e —
Ifnisapositiveinteger, G(n+1)=n!.Therefore,L{t"} nifs>0
—(s—a)t ©
e 1
= _, ifs>a
0 -(s-a) [, s-a
© e—st Ioo a
(-ssinat-acosat) S22 jfs>0
s?+a? s ’
0 0 +a
e-st 1”
— (-scosat+asinat) = ,ifs>0
0 st+a 0 Sz+a2
st L qedle
sinhatdt=0e ¢+t
0o € 2 @
éoo ~(s-a)t ao—(s+a)t U 1 é 1 1 u a
=—60e dt-Oe dti=—¢ - = ——= ,fors>|a|
0 0 (i 2és-as+al s-a
st oot aeeat'l'e_atd 1éw—(s—a)t co—(s+a)t l\J
coshatdt=0e ¢ +dt =@ dt+Oe dta
0 e 20 28, 0 1]
1 é1 1 o s
=8 + 0= 5,fors>|a|
2 és-as+al s-a

EngineeringMathematics— Il

dp




EngineeringMathematics—III

PROPERTIESOFLAPLACETRANSFORMS:

1. LINEARITYPROPERTY:
If a, b, ¢ be any constants andf, g, h any functionsof t, then
L{af (t) +bg(t) —ch(t)} = aL {f(t)} +bL {g(t)}—<L
{h(t)}Bydefinition,

L.H.S=0e"![af(t)}+bg(t) —ch(t)] dt

0 0 0

—aOe~f(t)dt+bOe g (t)dt—cOeth(t)dt

=aL{f(t)}+bL{g(t)}-cL{h()}
Il.  FIRSTSHIFTINGPROPERTY:

IFL{f(t)}= f(s) then

L{e?(t)} = f(s —a) By
definition,

0

L{e?F(t)}=0e e?(t)dt=0e ¢ (t)ct
0 0

0

=0¢""(t)dt wherer=s— a= T(nN= f(s-a).

0

APPLICATIONOFFIRSTSHIFTINGPROPERTY: :
1

1) L{e}=s-a

n!
@  L{e"t"}=(s—a)whenn=1,2, 3,........
b
(3  L{e*sinbt}=(s—a)e+be
S—a
@)  L{e"cosbt}=(s—a)—b.
b
(6)  L{edsinhbt}=(s—a)—b:
S—a

6)  L{e*cosh bt}=(s—a)—
b2whereineachcase>a.
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I1l. CHANGEOFSCALEPROPERTY:

IfFL{f(t)}=f(5),then
1 ®s0

L{fat)}= —T¢ —=.
a eag

Bydefinition,

0

L{ f(at)}=Oe(at)dt

0
w du
_sua du e —
(\)e e [putat=u a
’ &s0
Lo 1 e
=§6e‘5“/af(u):a - éag
Example-3: 0
FindtheLaplacetransformofe?'(3t°—cosat).
Solution:
L{e®(3t°—cos4t)}
=3L{e?t°}L{e?cos4t}
B s2 360 52
(s-2)%  (s-2)%+42 (s2)° 52-45+20
Example—4:
Findthe laplacetransformof e 'sin?3t
Solution:
Wehave
1 161 s u 18 3
L{sin?3t}=—L{1-cos6t}=—E— 0= . =f(s)
2 28s  s+60 s(s+36)
Example-5:
Findthelaplacetransformofesin5tsin3t.
Solution:
1
Wehave,L{sin5tsi n3t}=2_L{0052t—cos8t}
lé¢ S S ,l:I 30s _
U= — 7 =f(s).

=—é— 2

26s +2 s+80 (s+4)(s+64) By
first shifting property, we get
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L{e %sin5tsin3ty=r (s+3

_30(s+3)
{543+ 4H(5+3)
Example-6:

Findthelaplacetransformofe 2'(2t-3/

N

_ 30(s+3)
+64} {s2+65+13}{s>+65+73}

t)
Na

Solution:
We have
el o} &l 0
[EXY] 1-10 Gg +1+ Gg — +1+
L{2t-3/t} =2Lity  -3Lit 2 y=282 9.3 & g
J‘ J‘ 1) T T _ _
52 52
&l 0 &l 0
26¢- = Gg—= ] p_
— e32 g_3x e%ﬁlﬂ—\f—{s —s—f(s)
252 ENR.
Byfirstshiftingproperty,weget
L{e2( 2rt8l )=f(s+2)
p 3
== J— -3p
(s+2),  ~Ns+2  (s+ L)s+
Example-7 :
isinat isintl 1216
Find'i ——y  giventhatli —— y=fan ¢
[ tp T tp €Sy
Solution:
isinati 210 —
Giventhat, ¥ P S —=1(s)
T th ésg
Bychangeofscaleproperty,weget
I
isinatl 1280 1 1+ 1 0 1 zad
L{f(at)}= al y=—f¢c—+="tan T y=—tan ¢+
fat b a éw a i(sla)p a €Sg
1 isinatl 1 _@ad
\' y tam ¢ -
a Tt aes ]
isinat U_, —eead
Therefore,  Li y—ta ¢=
7 t p esg
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LAPLACETRANSFORMSOFDERIVATIVES:

(1) fe¢(t)becontinuousandL{f(t)}= f_(s),thenL{f(t(t))}:sf (s)-f(0).
Proof:Wehave

L{fe(t)3=00%e e (t)dt

Zle () o -0 &(s)e ™. f(t)at
Now assumingf(t)be such that limetexe S'(t) = 0,we have

L{fe(t)}=-F(0)+sO e SF(t )t

Thus,L{f¢(t)}=sf-f(0)
(2) Iffe(t)anditsfirst(n—1)derivativesbecontinuous,then

L{(1)3=5" (5)-5"LF(0)-5"2fC(0)- oo 1(0)
Thus,

L{f2(t)}=s%f(s)-5f(0)-f¢(0)

L{f26(t)}=53f(s)-s2f(0)-5f¢(0)-F(0)

L{FY(t)3=st (5 )-s3F (0) - 2¢(0) - sf 2(0)-f26(0) and s0 on.

Laplacetransformsofintegrals:
N,

_ i a 1
IfLER}=  foenti 0 f(u )duy=—F(s)
10 I S
T p
Proof :
+ f(u)du
Letf(t)=0t( ) thenfe (t)=F(t)andf(0)=0

\L{fe()}=s  f(s)-f(0)
or L{f(t)}=sf(_s)
or _f(s)=sf(s)

or _f(s)=lf(sfs

Hence, L { O'f)du } =l's_ ©
).
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MultiplicationByt":
IFL{f(t)}=F(s),then

L{OO} =(1)" S 6i~(s)u,wheren=1,2,3...........

dsné u
DivisionByt :
If  L{f(t)}=f(s),then
il U e
Li— f(t)y:os fs )ds,providedtheintegralexists.
it b
Example-8:
Findthelaplacetransformsof
(1) tsinat
(2) tcosat
Solution:
a
(1) Wehave,L{sinat}=s>+a’ )
@ a % & -
- . 2as
\L{tsin at}= C 2 ov=¢ 2z U
ds e s+ ag +a)l
&6
2as
Hence{tsinat}=(s*+a?)?
S
(2) Wehave,L{cosat}= s2+a2
\Ltcosat} :_Qae S 6:-é32+a2-2820
¢ ¢ 2 2+ é 2 22 y
dsésta @ é(s +a )
52-a2
Hence,L{tcos at}=,——
{ } (Sz+a2)2
Example-9:
Findthelaplacetransformsoft?cosat.
Solution:
S
Wehave,L{cosat}= L
d<e S u
\L { tzcosat} =(-1)? 8 U
2 2 2

dsés+al
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=déa?-s2uds
g g

=-25(5%+a%)%-2(a?-5%).2 s(s>+a?)
(SZ +a2)4

=-25(s%+a?)+4s( s?-a%)=2s( s%-3a2)

(82+a2)3 (s2+a2)?
Example-10:
(E—at'E—bt)
Findthelaplacetransformsof
t
Solution:
—at bt 1 = 1
Wehave,L{e -8 }= (s+a) (s+h)
o0
i (e ale b ¢ 1 1t
\LF y= € ¢ds
0 n
T t b'| (Sé +(z§j+l-o%)s+b) (S+b)u
=élog(s u
é0s
as+aol” s(1+a/s)u”™
=logg +L’J:|Og e
es+ha(s s(1+b/s)0s
&st+al
=log1 -logg =
es+bg
&s+al &s+h0
=loge T “=loge +
esthg es+ag
Example-11:
ae?'-coshtd
FindtheinverseLaplacetransformof¢ —_— *
e t a
Solution:
ie-cosbti £ 1 s U
Wehave,Li —y=06——- ——uds
7 t b <s-a s+ba
| .
i (EaI'COSht)IUwé 1 s U
\  Li————y=06—— ——=ds
t Y s+b -

T Is és-a a

[ b
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=éelog(s-a)- 1 Iog(52+bz)uu°°
é 2 Us
14 .
="€2log(s-a)-log(s:+b2 v~
764
1 as-abu”
=-loggz ———==U
2 gs+h 20s
él"l T ® 20U
=1elogl-loge =
28 65 b’y
é e gl
2
:-lloggae(s-a) 6‘
2 (SPHbE
e 2
1 ésP+p?
=-logé ]

2 é&s+b a
INVERSELAPLACETRANSFORMS:

Weknowthatif{f(t) }=f(s),thenL-L{f(s)}=f(t)
LetusnowdeterminetheinverseLaplacetransformsofsomegivenfunctionofs.

4110

o Limy=l
isp
4 10 at

@ L y=¢
is-ap
1110 ths

@ L == n=1,23 e
isp (n-1)!

@ Eunyg ot ioa
T(S-a) b (n-1)!
41 0 1

(6) Li ———=y= —sinat
is+ap a
410

(6) Li ——=zy=cosat
s +ap

o 1 U=lsinhat
Li ——y —

Ts-ap a
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®) S Bgoshat
Li —7—y
is-ap
l 1 U la
9) Li ———=——y="esinbt
sl g b
=e cosht
@0y .
—
T(s-a) +bp
i S u 1
(11) Li —7—=y= —tsinat
i(s+a)p 2a
12) Al 1 =1  (sinat-atcosat)
Li ¥ 5
i(s+a)p 2a

INVERSELAPLACETRANSFORMSBYTHEMETHODOFPARTIALFRACTIONS:
WehaveseenthatL{f(t) }inmanycases, isarationalalgebraicfunctionofs.Henceto find the inverse

laplace transforms of f (s) , we first express the given function of s into

partialfractionswhichwill,then,berecognizableasoneoftheabovementionedstandardforms.

Example-12:
$2+5+2
Findtheinverselaplacetransformof (s+1)%(s-3).
Solution:
Supposethat,
32+s+2 =A+ B + 1)
C(s+1)2(s-3)  (s+1)(s+1)?
(s-3)
Multiplying both sides of(1) by(s + 1)? (s — 3), we ..(2)

gets?+s+2=A(s+1)(s-3)+B(s-3)+C(s+
1)?Puttings=—1

2= 48PB="
2
Puttings=3
-
14=16ChC=8

Equatingco-efficientofs? weget
T
1=A+CPA=1-CbA=8
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PuttingthevaluesofA,B,Cin(1)weget

s*s+2-1, 1.1 1 47 1
(s+1)? (s-3)8(s+1)2(s+1) 2 8(s- 3)
_1‘| 52+S+2 a
\L I'*z—y
T(s+1)(s- 3b
_ 1 10 1 1 G 74 1i
_Li y _ Li ¥yt _ L y
18 I(sil)b 2 7I(s+1)p 8 T(S-3)|O
=_—et+ = euit+ st
828
Example-13:
S

Findtheinverselaplacetransformsof(s-2)(s2+9)

Solution:
Supposethat,

s A Bs+C

()

2 + 2
s2)s +9) s-2 s+
Multiplyingbothsidesby(s—2)(s*+9),weget

S =A(s%+9)+(Bs+ C)(s-2) (2)
2
Puttings=2, 2=13AbPA=13
9
Puttings=0,0=9A-2cbC=13
Equatingco-efficientofs?, weget
0=A+BpbB=-
13
PuttingthevaluesofA,B,Cin(1),weget

s :le-Zx S +gx 1
(s -2) (s 2+9)13 5 -2 13 (5%+9) 13 (s>+9)
_,1\| S U
\L' 2 \)’/

T(S-Z)(s+ 9)b
2 1 0 2 . S a 9 i 1 0
=—1Li y—L {———y+—L —y

13 1s-2 p13 1(s+9)p 13 1s+9p

:2_ eZt-zggth +33i031. 131313




IfL

{f

EngineeringMathematics— Il

OTHERMETHODSOFFINDINGINVERSELAPLACETRANSFORMS:
()  SHIFTINGPROPERTY:
IfL-L{f(X) }=f(t),then

L-1{f(s—a)}=e®f(t)=eL{f(s)}

(1) 1L (s)}=f (t)andf (0)=0,thenL—1{s.f - (s)}:gf(t).
dt
— dn
In general, L—1 {s "f (s)} =dt n{f (1)}, Provided f
()R () T =f"1(0)=0.
it (s)ui |

_ qi——s=00 f(t)dt
(s)}=f(t),then L if
b
(V) IfL1{#(s)}=f(t), thent. f(t)=L1i-df U

T ds Op
if(t)i=
V) Iff()=L"1{f(s)} . thenL.i gt O%f(s)ds,
ThisformulaisusefuIinfindingf(t)whenf(s)isgive_n.
Example-14:
®20
FindtheinverseLaplacetransformoftan-1¢ —
ésg
Solution:
T 2200
LetL’litang—+y=f(t)
T esep
®20
b L{f()}=tan l¢—=i(s)
esg
ThenbyformulalVVweget,
d— dé 20U
L{tf(t)}=- — eef(s)ua=—"tan ¢=0
ds dsé esell
é 1 ué-2u
=-e T dle
81 +2Is Uésh
2

:52+4
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btf(t)=L L
iz
is+4p
sin2t

t

u
=sin2t
y

P f(t)=
\ 4l ~18200-8in2t

i esap t
Example-16:

FindtheinverseLaplacetransformoflogg

Solution:
i®séu
LetL*lilogg —y:f(t)
ies+1ap
2SO0 _
—_— +:f(S)
est+lo
ThenbyformulalVVweget,

PL{f(t)}=loge

L{tft)}=
dsé es+1o0
81 1u 1 1

=@ -

gs  s+lls+1 S
prf=Lt L U
s+l sp

b f(t)=e 1
t

a I —

_EU =1

-1 2S00
1

)

(e -1

Lilogg oy
T estlap t
Example-17:

FindtheinverseLaplacetransformof
Solution:

Wehave
L1 U=l sinat=f().
i ra2)i a

[ b

a&s0

gs+1g

-QélOgae§GU:QéIogs-Iog(s+1u
e % =0 3

ds

1

Sz(Sz+a2).




ThenbyFormulalllweget,

N

I u

g 11 i= 1 stinatdt=-
L y—o
iS(s? +2)i  a
i p
Thuswehave,
i 1 U 1tl-cosatdt
L-1i —,r:
'|'isz(sz+az)'|'y 3200(
T b
6 1 o
=zztsinatg
ae a Go
1 1 Ut
=25t sinatq
ae a Go

=1(;at-sinat).
a3
Example-18:

FindtheinverseLaplacetransformof

Solution:
71‘|1U 5t

Wehave " —vy=¢€ :f(t)
is+5p

ThenbyFormulalll,weget
i1 0 1

[EETR = é1-e-studt
it (s+5)i y
i p

Li 1 0

N

5008 u

dt=-1e
is(s+5)i 5
T b

Thuswehave,
i 1 0 L

L-1ia =— é1-e Stydt

Isz(s+5)'l'!500é 1]
i p
1é + E-su]

—t e adt

58 5

16 L1gl
=+ —e g

58 5 o

Ut:'léee
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st+ 5

-100=1eg1-¢ W

-5t -5t

Qo 5 5
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_1é, 15 L0
5 5 50

1

=1€e-si5t-10
%" i

Example-19:

FindtheinverseLaplacetransformof

(Sz +a2)2

Solution:
Wehave,
i 2> U
1 S i 1 .
= tsinat=f( t
Li (—zy — ()
b
iS2+a? T 2a
Sincef(0)=0,wegetfromFormulallthat,
i 2 0 i 1]
oS ¥ i S i d'.l:(t)‘
L1 2 ) Vo =i, éf(t)u
i Y e o
i T C
_dél u
- —8 — tsinatg
dte2a a
1
=" (sinat+atcosat).
2a
Example-20:
s+3
FindtheinverseLaplacetransformof (Sz+65+13)2
Solution:
Wehave s+3 - s+3 _ s+3
L + + g ¢ o) z oo 3t
s 6 13 & o 6 2 0
Thenbyformulalweget
i U i U i U
= S+3 )»/I_L—lrl 5+3 T —3t-11 S )
L Y= orarr2ayme— L i——y
b i ) P T »
is+6s+13 i T 2 2 1 is?+2° T
1

=3 tsin2t.
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Example-21:
S
FindtheinverseLaplacetransformof
( S2 +az)2
Solution:
i U
f(t)=L : L(_S /
L =Lt 2
et,f( : )py
is? +a? i
ThenbyformulaVweget
if(t)u w . * S 1 - 2s
Li ——y0s f_(S)dSZOs 2 os= 0 2 220s
itp (s+a) 2 (s+a )
u
le 1 =
= —&—l
2és+als
1 1
=-2,(Sz+a2)
() |
147 i .
\ t =2I_|‘|'(sz+az)‘|'y:2a.sinat
[ b
i u
Hencef(t)=, 1 7o Lisinat
-L | ———y ~ —
s +a 1 2a

LAPLACE TRANSFORM METHOD TO SOLVE LINEAR DIFFERENTIAL
EQUATIONS WITH CONSTANT COEFFICIENTS ASSOCIATED WITH INITIAL
CONDITIONS :

Lineardifferentialequationswithconstantcoefficientsassociatedwithinitialconditions can
beeasily solvedby Laplace transformmethod.

WorkingProcedure:

Step-1: Take theLaplacetransformofbothsidesof thedifferentialequationandthenput the given
initial conditions.

Step-2:  Transposethetermswithminussignstotheright.
Step-3:  Dividebytheco-efficientof y ,getting y asaknownfunctionofs.

Step-5:  Resolvethisfunctionofsintopartialfractions.

Step-5: TaketheinverseLaplacetransformofbothsides. Thisgivesyasafunctionoft
whichisthedesiredsolutionsatisfyingthegivenconditions.
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Example-22:
Solvethefollowingequationbytransformmethod; y?—
3y¢+ 2y= ¢3!, when y(0) = 1 and y¢(0) = 0.

Solution:

We have, y2— 3y ¢ +2y = ¥ (1)
Taking Laplace transform of both sidesof (1),we get

L{y2}=3L{y¢}+2L{y}=L{e%}

1
b [s%y-sy(0)-y¢(0)]-3[sy -yO)] +2y=s.3
Puttingy(0)=1andy¢(0)=0,weget
3 _ B 1
s?y-s-3sy+3+2y =53
1+(s-3)?
P y.(s2-3s+2)= +s3= T o3
565 +10
D 'y':
(5-3)(32-3s+2 )
~ s*-65+10
P y=t_ O x )
-3 s-1 s-2
2
Let, $°—65+10 :A+5+Q

X X )
-3 s-1s-2 s—3s-1s-2

Multiplyingbothsidesof(3)by(s—3)(s—1)(s—2),weget
$°—6s+10=A(s-1)(s-2)+B(s-3)(s—2)+C(s-3)(s-1)
5
Puttings=1,B=2
Puttings=2,C=-2
1
Puttings=3,A=2
SubstitutingthevaluesofA,B,Cin(3),weget

1 1 5 1 1
=2, 53 +2. 5-1-2. s -2

v
)
TakinginverseLapﬁacetransf%rmofbothsides,weget

o 14l 10 5. 10 410
L{y}= —Li y+—Li y  -2Li y
2 1s-3p 2  is-1p is-2p

\y:1e3t+ e'- 2¢%
22
Thisistherequiredsolution.

(2)

(4)
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Example-23:
Solvethefollowingequationbytransformmethod,;
(D*+w?)y=coswt,t>0,giventhaty=0andDy=0att=0

Solution:

Wehave

(D*+w?)y=coswt

i.e.,y2+w?y =coswt,giveny (0)=y¢(0)=0 Taking Laplace

transformof both sidesof (1),we get
L{y2}+w?L{y}=L{coswt}

P S2=sy(0)-y¢(0)+w2y - :zs—z
+O
Putting(0)=0andy¢(0)=0,weget
S
7.(5%+ W)= 5
S+®
S (2

P y= 2
( Sz+0)z)
TakinginverseLaplacetransform,weget
S

L ypis (sronf
1

\FZQ).'[SFW’[
Thisistherequiredsolution.

Assignment

1. FindtheLaplacetransformsofthefollowing:

R R U

| sint] -t

| |
(@ sz \% (b)LSZ® costdtV

f

0 W 0
2. FindtheLaplaceTransformoff(t)ineachofthefollowing:

Rsin 2t,when0O<t<n Rl,whenOstsZ
@ f(t) =S @)f(t)=S
To, whent>n Ttwhents 2
3. ObtaintheinverseLaplacetransformsofthefollowingfunctions
252 — 65 + a(s2—2a2)
@ 53651156 ®) ~7za
s FLesl
c (dlog 6
S2+65+13 hoosK

rrr
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CHAPTER-4

FOURIERSERIES

PeriodicFunctions:

If thevalueof each ordinate f(t) repeat itself atequal interval in the abscissa, then f(t)is said
to be a periodic function.

Iff()=f (t+T)=F (t +2T)=..cc0ervern. , then
Tiscalledperiodofthefunctionf(t).
Forexample
sinx=sin(x+2p)=sin(x+4p)=......
Sosinxiscalledaperiodicfunctionofperiod2p

nf(t)
1
Ty P
/ r "“\ 'f : ot
G = f:‘t\"l / 1 \JT r"fzﬂ
» Y
W Ly
T S

FounierSeries:
Aseriesofsinesandcosinesofanangleanditsmultipleoftheform

a0 +a cosx+a COS2X+....... +a CoSNX+.....
2 1 2 n

+b1Sinx+b2sin2X +......4+bpSinNx+.....

0 0

0 0
:ao +adancosnx+abnsinnx

2 n=1 n=1
is called a fouries series, there ao, an& bnare called fourier
constants Useful Integrals
ThefollowingintegralsareusfulinFourierseries:

a+2n a+2m

1. Ousinnx dx=0 2. Oocosnxdx=0
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3. 0«*sinnxdx=p 4. 0o cos?nxdx=p
5. 0u™*?"sinnx.sinmxdx=0 6. 00**?"cosnx.cosmxdx=0
boc sinnx.cosmxdx=0 \
7. o+2n 8. 00“*?sinnx.cosnxdx=0
0. Ouv=uv1-ugv2+uavs-...........
du d%u
wherevi=0vdx,v2=0v1dx,va=0v2dxu¢= dxu= A &

10.  sinnp=0&cosnp=(—x)wheren|
Letf(x)berepresentedintheinterval(a,a+2p)byfourierseries

0 0

f(x)= 20 4 §a,cosnx+abysinnx (1)
2 et xi=1
Tofindao:
Integratebothsidesofequation(1)formx=atox=I1+2p.Then
a+2n 1 won a+ 2nde - 0] o+ 2nde © 0]
N a by 0 \ 0
Ou f(x)dx= — 10, dx+O0a ¢ &% cosnx=dx Ou ¢ dbnsin nx=dx
1 En-1 7] En-1 [4]
= a.o(a+2p-a) +0+0= aop
2
o+2n
Hence ap»= — f(x)dx

Tofindan:Muliplycosnxanbothsidesofequation(1)andintegratefromx=2tox=2

+2R,Then
21 1 a+2n a+2n oo o]
f (x)cos nxdx=—ao cosnxdx+ ¢ & COSNX-+-cosnxdx
07‘: 2 00. Oaén:l %)
a+2n o0 . 0]
+5 sin
Ou ¢ ébn nX+connxdx:0+pan+0
én:l )
1(x+27'c
an+— f(x)cosnxdx

To find bn: Multiply sin nxon both sides of equation (1) and intergrate
fromx=ptox=p+2p, then

o+2m a 2+
\ — 0
Oc  f(x)sinnxdx= o 2 sinnxdx+
a+2n® o« 0 wn®  w 0
O. ¢ &3, cosnx=sinnxdx+Oa ¢ Absinnx=sinnxdx = 0 +0 +pbn

[ 4] [ 7]
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o+2n

Hencebn="" f(x)sinnxdx

Makinga=0,theintervalbecomesO<x<pandtheformula(1)reducesto

a0= l\ = f(x)dx __U
Oo |p,
1 | ’ i
an=_ Q0™(x)cosnxdx (1)
p b
1 =x
b= of(x)sinnxdx

n

Puttinga=—p, The interval becomes—p < x <p, the formula (1)

reduces to
1, u
ao:po_nf(x)dx i
a \1“ i
=p0-f(X)cosnxdxy o ()
bn=£ " f(x)sinnxdxi
po—n b
Euler’sFormula:

Thefourierseriesforthefunctionf(x)intheintervalp<x<p+2pisgivenby

0 0

ao 9 9 .
f(k)=  — +dancosnx+abnsinnx

2 n=1 n=1
o+21
wherea, =~ f(x)dx
1a+2n
a == _ f(x)cosnxdx
7[0(1
n
o+21n
b =7 f( x)sinnxdx
n

The value of ao, an & bn areknown.
Euler’s formula.
Example-1:
Giventhatf(x)=x+x*for—p<x<p, findtheFourierexpansionoff(x).Hencethat

n2 1 1 1
— =l+—rtotrtn
6 2 3 4
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Solution:
220
Letx+x= 2+a1(:osx+a,2coszx+ .....
+h1sinx+b2sin2x+...... (1)
1. 1. 8¢ xlr
a=—  fi)d=  _ (xHx)dx= Tt
R \ 2 A
p0-- pO-- pé %,
& opop Pl 2p?
=68 —+— - +F —
3/\
g2 3 2°U 3
1 T 17[
a =_ f(x)cosnxdx= __ (x+x2) cos nxdxp
1é SiNNX (-cosnx) &-sinnxoU”™
=76(x+ X) -(2x+1) 7 +2.¢ — 0
pé X Xe X@ 0=
1¢ cosnp cos(- np)u
:_é(2P+1) - 7 -(-2p+1) —— U
pé X nd
16 cosnpué4.(-1)*
:—é4px 70— Z
pé xa X
1
bn=pO™ (xx?)sinnxdx
16 2 -COSNX @-sinnxg  Fcosnxu”
» . U
.. I e e L el
pé Xe Xg
1¢ 2 COSNX &cosnxd ( 2)cosnx 2cosnpu
:e=(ﬁ+p__)x_ -2)((; 3 =t _p+ p 3 1
4 N X x @
pé 1é-2 xé \ X2fZJ
= p.cosnpu= - (1)
pept
é an
Substitutingthevaluesofao,an&bnisequation(1)
2 P é 1 -1
X+X = +de-cosx+ —C0S2X2 683X +....
3 é 2 3
é 1 1 u
-2¢-sinx+ —sin2p- — sin3 X+........ G " (2)
é 2 3 G

Putx=pinequation(2)
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2

2 P é 1 1 1 U
ptp = +4l¢ —ttr — . -(3)
3 & 2 3 4 a
Putx=—pinequation (2)
PP é 1 1 1 0
—pHpP=—"+de1t—ztot - + a@
3 e 2 3 4 a
Addingequation(3)&(4)
.2p* ¢ 1 1 1 v
2p =48l T+ 2T o+
3 g 2 3 4 a
> 6 1 1 1 i
T =8el+2tot— T T4 a
3 & 2 3 4 i
p 1 1 1 “1
_ =1+ptotot......=d;
6 2 3 4 e

Dirchelet’sCondition:

0 ©

. . . aop 8 Q. .
Anyfu nctlonf(x)canbedevelopedasafourlerser|es—0+aancosnx+abnsmnx
2 n=1 n=1

whereao,an,bnareconstantsprovided.

(i) f(x)isperiodic,singlevaluedandfinite

(i) f(x)hasafiniteno.ofdiscontinuitiesinanyoneperiod
(iii) f(x)hasatmostafiniteno.ofmaximaandminima.

DiscontinuousFunctions: Atapointofdiscontinuty,Fourierseriesgivesthevalueof
f(x)asthearithmeticmeanofleftandrightlimits.

Atapointofdiscontinuty,x=c

f(x) = [f (¢ -0) +f(c + 0)]2

Example-2:
Findthefourierseriesexpansionfor

i_p’ _p<X<0
00, if M=t
X, 0<x <p
1 1 1 p’
Deducethat —t — =
1 3 5 8

Solution:

aO OOO [o] * ;
Letf(x)= =  +dancos nx+dbnsinnx...(1)
VA x=1 x=1




EngineeringMathematics— Il

1éo - u
thenao= 80_n(-p)dx+Ooxaxll
pé a
1é 0, ) iXZUnU 1é pzl\,ll p
=5é-g{x}—ﬂ+|2y - uu:pe—-p2+ - U=
é T poo 8 a 2
léO bs u
%, =—80(-p)cosnxdx+Oxcosnxdx
pé—n 0 ]
16 isinnxi’ i sinnx  cosmxii”
=—&(-p)xi y  Hxx +__2 Yl
Pe TN b 7 X X ot
é ) a
€1 O+leosnp-LU_Lcosnp-1
8 2 20 2 1
pé X nd  pn
a1=£,azzo,a§=£,a20 o
p.3
. 160 x U
= éO(-p).sinnxdx+0xsinnxdxt]
pé—n 0 1]
1¢ip.cosnxi’ i-X.COSNX sinnxg’”
=—¢f y +—¥y
Pg X pr 7 X X" bod
A N a
, ui
=1€p;-cosnp)-Peosnp =, 2cosnp)
péx ( 1 n 1 0 x
\b1=3,b2=_—,b3=1,b4=__
24
Substitutingthevaluesofa’sandb’sinequation(1),weget
-p 26 C0s3X  COSBX*......
f(x)= — -—eCOSx+ ——p +——F U
4 pe 3 5 u
+ -sin2x+  sin3x-
3sinx 3 e (i)
2 3
Puttingx=0inequation(ii)
p 2& 1 1 0
f(0)= ——cl+otot. ¥+ — ..(1iN)
4 p¢ 3 5 0
Now f(x) is discontinuous atx=0 Butf(
0-0)=— pandf(0+0)=0

\f(O):l[f(9-0)+f(0+0)]::p2 2-
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Fromequation(iii)

-p=-p-281+1+1+ u

24p% _ —

or Pe_1_ 1 14 .
8 1 3 5

EvenFunction: Afunctionf(x)issaidtobeeven(orsymmetric)functioniff(—x)=
FOOEX. (XXX, evenpowers.ofx
(if)cosx,secxetc.

The graph of such afunction is symmetrical with respect to y-axis. Herey-axis is a mirror
for the reflection of the curve

Theareaundersuchacurvefrom—ptopisdoubletheareafromOtop.

s X

\Of(x)dx=20f(x)dx

Odd function: Afunctionf(x)iscalledodd(skewsymmetric)functioniff(—x)=—
FOOEX. (XX, . oddpowersifx
(if)  sinx,cosex,tanxetc

Arf(t)
rf—i' fﬁt
LN X
\Jo \\ 7
,‘1._3'! "\L_,;
X¢

Heretheareaunderthecurvefrom-ptopiszero

T

i.e.,0f(x)dx=0
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ExpansionofanEvenFunction:

T T

L f(x)dx=2 f(x)dx

A f(x).cosnxdx=Z
n f(x)cosnxadx
10~ e o
Asf(x)andconnxbothareeven,theproductoff(x).cosnxisalsoeven.
1TE

T

a

bnzn(\)—nf(x)sinnxdx:o
As sin nxis an oddfunction. The productofaneven function with oddfunction is odd. therefor
we need not calculate bn.
Theserivesofanevenfunctioncontaincosinetermsonly.
ExpansionofanoddFunction:

a=l  "f(x)dx=0

0 ]:0*
a = _ f(x).cosnxdx=0 Q
no (f(x).cosnxisoddfunction)
10
b L A 2 f(x).sinnxdx

== O_L(x ).sinnxdx=
N

(Qf(x).sinnxisevenfunction)
Theseriesofanoddfunctioncontainsinetermsonly.
Example-3:
Obtainafounierexpansionofforf(x)=x.in—p<x<p
Solution:

f(x)=x3isanoddfunction.
\ay=0andan=0

271; 2 T
b= o(x).sinnxdx=" —  x3.sinnxdx
X
263-cosnx,-sinnx cosnxsinnxu™
=—X. -3 X.othX5-64Up é X X X

x002é3c0s nxcosnxu™
-X. +6X.:0 —y—
x X

pé “cosn
22 cosn \
€ -p. P+6.p. pu

2] X& 0

W80
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6 . 6l
= -X :Q +
2.(1)é L
&30xx
@p’ 60 -’ 60 o0 60
wo=2 éQTl—'l" —3:SIN x+¢+—==5IN 2 x ¢ +35iA3x+=.. @ €2
ée 20 e3 39

HalfRangeSeries:
ToobtainaFourierexpansionofafunctionf(x)fortherange(0,p)whichishalfthe
periodofthefourierseries.Asitisimmateriadwhateverthefunctionmanybeoutside
therangeO<x<p,weextendthefunctiontocovertherange—p<x<p.Sothatthe
newfunctionmaybeevenorodd. Thefourierexpansionofsuchfunctionofhalfthe period consists
sine or cosire term only.

SineSeries:
If it is required to expand f(x) as a sine aeries in 0 <x < p me extend the function to the
range —p <x<p,so that ifwill beanoddfunction.
Thedesiredhalf-rangesinseriesisgivenby

0

f(x):é.bnsinnx

n=1

\

Wherebnzz@)"f(x) sinnxdx

CosineSeries:

If itsis requiredto expandf(x)as acosine series in 0 <x <p,We extend thefunction to the range
—p<x<p, so thatif will be an evenfunction.
Thedesiredhalf-rangecosineseriesisgivenby

a .
f(x)= 0+8ancos nx
2 n=1
2TE
a —0s
where 0= f(x)dx

Y

an=P@ﬁf(x)cosnxdx

Example—4:

Findthehalf-rangesineseriesforthefunctionf(x)=e®for0<x<p
Solution:

©

f(x)=ébnsinnx

n=1

2 2
wherebn=p "~ O0™f(x)sinnxdx=[  O0™e®sinnxdx
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26 e um
=€ — fasinmoeny
Uo
péa+n
2é Gan n u
=—& ———(asinnp-ncosnp}+——— 0
2,12 "
péa+n a~+n u
=2 N g(1)e™lp
a?+n2gQ
= M g ()ey
2er0C -
(@s+nz)p 0
2(1+6™) 2.2(1- %)
b = b =
¢ (a¥M)p 2 (@%+22)p \
o 261+e™ 2(1-6") .
. T
e =& 2Sinx+ 7 Sn2x
péa+ 1 a+2 u
Assignment

1.  Findafourierseriestorepresentf(x)=p-x,0<x<2p
2. Findafourierseriesto representthefunction
f(x)=e for—p<x<p
i p

i, for- p<x<-—

p 7

3. Findthefourierseriesofthefunction f(x)=0, for - —<x< —
i 2 2
i o
itl, for  <x<p
i 2
i
t,0<t ED
4. Representthefollowingfunctionbyafouriersineseries f(t)=I i 2
b P
[
. 2 2
|
1,for0<x<9
5. Findthefouriercosineseriesforthefunctionf(x)=; ! 2
i P<x<p 2

-

rrr
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CHAPTER-5

FINITEDIFFERENCEANDINTERPOLATION

FiniteDifference:
Supposewearegiventhefollowingvaluesofy=f(x)forasetofvaluesfx:

X X0 X1 X2ueeunnn Xn

Y YO VI Vo yn

Theinterpolationisthetechniqueofestimatingthevalueofafunctionforany
intermediatevalueoftheindependentvariable.Whiletheprocessofcomputingthevalueof
thefunctionoutside thegivenrangeiscalleextrapolation.

Supposethatthefunctiony=f(x)istabulatedfortheequallyspacedvaluesx=xq,xo+ h, xo + 2h,

X0 + nh giving y = yo, Y1 ....... yn. To determine the values of f (x) for some intermediatevaluesof

x,thefollowingtwo typesofdifferencearefounduseful.

Forwarddifference-Thedifferences

Dyo=y1-yo
Dy1=y2-y1
Dy =y-y
n-1 n n-1

D?y0 = Dy1 - Dyo

3u1 =M2v1 N2
D%y1=D“y1-Dy1
D"yo=D"1y1—-D"tyo
Forward difference table

Similarly

Valueofx Valueofy | 1stdiff. | 2nddiff. 3rddiff. Athdiff. 5thdiff.
X0 Yo Dyo
x+h y Dy D%
0 1 1 0
x+2h y Dy D% D%
0 2 2 1 0
x+3h y Dy D% D’y Dy
0 3 3 2 1 0
x+4h y Dy D% D3y D D%
0 4 4 3 2 1 0
X0+5h Y5
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Backwarddifference

Ny1=y1-yo
Ny1=y1-yo

N“yn:N“‘lyn—N“‘lyn-
1Backward difference table

Valueofx Valueofy 1stdiff. 2nddiff. 3rddiff. 4thdiff. 5thdiff.
X
0 yo Dyo 7
X +h y Dy D4y
0 1 1 0
X +2h y Dy D4y D3y
0 2 2 1 0
x +3h y Dy D% D3y D%
0 3 3 2 1 0
X  +4h y Dy D% D3y D% D%
0 4 4 3 2 1 0
X0+5h y5
iff 200l l
Weknowthattheexpressionoftheformf(x)=aox"+a2x™ +................... +an-1x+ anwherea’sare

constant(ao! 0)andnisapositiveintegeriscalledapolynomialinxofdegreen.
Theorem:

The1Sdifferenceis apolynomialof degreen is of degreen —1,the2"differenceis of degree n—2,
and the nthdifference is constant. While higher difference are equal to zero.

Theconverseof thetheoremis alostruewhichstatedthatifnt™ differenceof afunction tabulated at
equallyspaced intervalsare constant, the functionis apolynomial ofdegree n.

Example-1:
Formthesuccessiveforwarddifferencesofax® theintervalbeingh.
Solution:
Herey=Ff(x)=ax?
Weknowthat
Dyo=y1-yo=f(x+h)—f(x)
\D(ax®)=a(x—h)*-ax
=a(x*+3x%h+3gh?+h%)-ax®
=a (3x%h + 3xh? + h®)
Again, Do = Dy1- Dyo
\D2(ax®)=a{3(x+h)2h+3(x+h)h2+h3}-a(3x%h+3xh?+h)
=a{3x?h+6xh2+3h3+3xh2+3h3+h3-3x?h-3xh?—h3}=a{6xh?+6h%}
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D3y0=D?y1=D%y0
\D3(ax®)=a{6(x+h)h>+6h3}-a{6xh?+6h%}
=a{6xh?+6h3+6h3—6xh?-6h3}=6ah3=Constant

\D*(ax®)=6ah®-6ah®=0
Here itshows that the the third differencesof apolynomial of third degree isconstant& the
higher difference & are zero.

FactorialNotation

Aproductoftheformx(x— 1)( X— 2)...cccevueneee ( x-r+1)isdevotedby[x]"andiscalleda
factorial.

Inparticular

[X]=x,[X]2=x(x-1)

[X]P=x(x-1)(x-2)

[X]"=X(X=1)(X=2) ceevrrrnnee, (x—n+1)
whichiscalledafactorialpolynomialorfunction.
Thefactorial notation isof special utility in the theory of first differences. Ithelpsin finding
the successive differences of a polynomials directly by simply rule
ofdifferentiation. Theresultofdifferentiating[x]"issimilarto thatofdifferentialx'.

Example-2:
Estimatethemissingterminthefollowingtable:
X 0 1 2 3 4

() 1| 3| 9| 8

Solution:
Letthemissingtermbyy;. Thefollowingisthedifferencetable.

X y D D? Ds D4
0 1

1 3 2 4 y3-19

2 9 6 y3-15 1244y,
3 3 y3-9 81— 2y;+9 105-3y3

4 81 81-y3

As only four entries yo,y1,y2,y4are given, thefunction y can be represented by a third
degreepolynomial,here 4Morderdifferencebecomeszero, i.e.,

124-4y3=0
P y3=31
Hencethemissingtermis31.
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Example-3:
Estimatethemissingterminthefollowingtable:
X 0 1 2 3 4 5 6
y 5 11 22 40 - 140 -
Solution:

Letthemissingtermbyy,&ys. Thefollowingisthedifferencetable.

X: y: D D: Ds D- Ds

0 5

1 11 6 5

2 22 11 7 2 y4-67

3 40 18 y4—40 y4-58 3034y, 370-5y,

4 V4 y4—40 180-3y, 238-3y, Y6+6Yy4— ye+10y,—1001
5 140 140-y4 Y6+Yy4— Ye+3y,—460 698

6 y6 y6-140 280

As only four entries yo,y1,y2,y4,ysare given, thefunction y can be represented bya
4thdegreepolynomial&hence 5tdifferencebecomeszero,i.e.,

370-5y,=0 and y6 +10y,—1001=0
Solvingthese,weget
y4=T74 and y6 =261

N 'SF i lationf laf lint |

Letthefunctiony =f(x)takesthevaluesy,y,y........ccccocervrnnnne. correspondingtothevalues
0 1 2
Xo0,X1+h,Xo+2hofx.

-1)(n-2
f(xo+nh)=yo+nDyo+n(n )D2 n(n-1)(n-2)
213!
Obs. Thisformulaisusedforinterpolatingthevaluesofy nearthebeginningof asetof tabulatedvalues
andexterpolatingvaluesofyalittlebackward(i.e.to theleft)ofy,.
Newton’sbackwardinterpolationformulaforequalintervals

Letthefunctiony =f(x)takesthevaluesy,y,y.......ccccecvrvrnnne correspondingtothevalues
0 1 2

Xo,X1+h,Xo+2hofx.

n(n 1) N(+1)(n+2) y

f( Xn+nh):yn+nNyn+ Nyn+......
2'3'

Obs. Thisformulaisusedforinterpolatingthevaluesofy nearthebeginningof asetof tabulatedvalues
andexterpolatingvaluesofy alittlebackward(i.e.to the right)ofyn.
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Example—4:

The table gives the distances in nautical miles ofthe visible horizonforthegiven heights
in feet above the earth’s surface.

x=height 100 150 200 250 300 350 400
y=distance 10.63| 13.03| 15.04f 16.81| 18.42| 19.90| 21.27
Findthevaluesofywhen(i)x=218ft.

Solution:
Thedifferencetableisasunder:
X y D D- Ds D
100 10.63
240
150 13.03 -0.39
2.01 0.15
200 15.04 -0.24 -0.07
1.77 0.08
250 16.81 -0.16 -0.05
1.61 0.03
300 18.42 -0.13 -0.01
1.48 0.02
350 19.90 -0.11
1.37
400 21.27
(i)  Ifwetakexo=200,thenyo=15.04,Dyo=1.77,D%y0=-0.16,D%0=0.03etc.
Sincex=218andh=50,.n=" X°=1810-36
h 50
\UsingNewton’sforwardinterpolationformula,weget
y218=yo+nAyo+n(n_1)A2yo n(n-1) (n_Z)A3yo+ .....
1.2 123
0.36+(—0.64) 0.36(—0.64)(-1.64)
f(218)=15.04+0.36(1.77)+ (-0.16)+ (0.03)+...
26

(i)  Sincex=410isnear theendofthetable,weuseNewton’sbackwardinterpolationformula.

\taking Xn:400,n:ﬂ_—10:0.2
h 50
Usingthelineofbackwarddifferences

Yn=21.27,N2yn=-0.11,K3yn=0.02etc.
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\Newton’sbackwardformulagives

y =y +nNy  +0(0t1) NAge+ n+1)(+2)  Nysoo+...

410 400 200 2 123
0.2(1.2) ) )
=21.27+0.2(1.37)+ (-0.11)+.......=21.53 nautical miles.
2
Example-5:

FindthenumberofmengettingwagesbetweenRs.10and15fromthefollowingdata:
WagesinRs. | 0-10 10-20 | 20-30 3040

Frequency 9 30 35 42
Solution:

Firstwepreparethecumulativefrequencytable,asfollows:
Wageslessthan(x) 10 | 20 | 30| 40

No.ofmen(y) 9 39 74| 116
Nowthedifferencetableis
X y D D? D3
El
20 | 39 E;
35 [P
30 74 7
42
40 116

Weshallfindy;si.e.numberofmengettingwageslessthan15.
Takingxo=_10x=,15,w, e~ have
15 1™

n= 0o = = =05
h 10 10
\usingNewton’sforwardinterpolationformula,weget
y =y +nDy + N(-1)p?y +n(n-1)(n-2 Dy
15 10 10 2! 10 3! 10
=9+(0.5)30+ (0.5)(0.5-1) -5+ (0.5)(0.5-1)(0.5-2) -2
2 6

=9+15-0.625+0.125=23.5=24approx.
NumberofmengettingwagesbetweenRs.10and15=24—-10=5approx.
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Example-6:

Findthecubicpolynomialwhichtakesthefollowingvalues:
X 0 1 2 3
f(x) 1 2 1 10

Solution:
Thedifferencetableis

X f(x) Df(x) D% (x)  D3(x)
0 1
1
1 2 -2
-1 12
2 1 10
9
3 10
P
Wetakex =0and = x0 =
’ h
\usingNewton’sforwardinterpolationformula,weget
X x(x 1) xx Dk 2)
= T TRk - for s DR
(0)+ Df(0)+ Df(0)
1 1.2 1.2.3
=1+)((1)+x(x-1)(_Z)er(x-l)(x-2)(12)
2 6

=2x3+7x2+6x+1,whichistherequiredpolynomial.

Tocomputef(4),we takex =3,x=4sothat p= X-Xn =1
! h
UsingNewton’sbackwardinterpolationformula,weget
f(4)=f(3)+nNif(3)+ M0t Rpgz)+ DOELM+2)  R3g3)
1.2 1.2.3
=10+9+10+12+41
which is the same value are that obtained by substituing x= 4 inthe cubic polynomialabove.

Obs. The above example shows thatif a tabulatedfunction is a polynomial,then interpolation and
extrapolation give the same values.

Lagrange’sInterpolationformulaforunequalintervals:
)= (x-x 1)(x-x 2) ..... (x-x

)

(X-X1)(X0-X2). ..cvrecrnren (x0-Xn)
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y= (x X)X —X2) v (x—xn)

O( X1-X0)( X1=X2)cvvvvereene. (X1—Xn)
Vi _ (X=X0)(X=X1) ..o (X=xn-1)
(Xn —X0)(Xn—X2)......... (Xn —xn-1)

Lagrange’sMethodforunequallyspacedvaluesofX:

o Yv=y2)........ G=yn) | =y (y=y2)....... (y=yn)
o Y1) ¥o-Y2)....e. (yo-yn) (1 Y0)yr Y2 (y1-Yn)
4+ =0 (y-y)........ (y=yn-1)

yn o YO)Yn  —Y1)en (yn-yn-1)
Example-7:

Use lagrange’sinterpolationformula to find thevalue of ywhenx = 10,if the following values
of x & y are given.

Solution:

Here X0=5 X1=6 x2=9 x3 =11

and | yo=12 | y1=13 | y2=14 y3 =16

Puttingx=10andsubstitutingtheabovevalueinLagrange’sformula,weget:

_(x X)) (xX2) (xXa) (Xx—X0) (X—X2) (x—Xa) s

f(x)
(xo—x1)(X0—xX2)(X0—X3) (x1—x0) (x1-X2)(X1-X3)
(X=Xg) (X=X1)(X=X3) = (X=X) (X=X1) (X=X2)
+ y2 + y3
(x2—X0)(x2—X1)(x2—x3) (X3—X0)(x3—X1)(X3-X2)

f(10)3( 10—6)(10—9)(10—11)><12+(10—5)(10—9)(10—11)><13
—  6)(5-9)(5-11)(6-5)(6-9)(6-11)(5

+(10-5)(10 —6)(10-11) x14+(10-5) (10-6)(10-9)x16
— 5)(9-6)(9-11)(10-5)(11-6)(11-9)(9

- 4x1x(-1) x12+ 5x1x(=1) %13
CDxEAx(6)  Ix(=3)x(-H)

+5x4x(=1) x14+5x4x1x16-48+-65+-280+320
4x3x(—2)6x5%x 2—24-15 -24 60

=2-4.33+11.66+5.33=14.66
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Example-8:

Applylagrange’smethodtofindthevalueofxwhenf(x)=15fromthegivendata.
X 5| 6 9 11
fx) | 12| 13| 14| 16

Solution:
Here
X0=5, X1=6, x2=9, x3=11
yo=12, y1=13, y2=14, y3=16
Takingy=15andusingtheaboveresultsinLagrange’sinverseinterpolationformula.
(Y-y)(y-y2)(y-Y3) (V-Yo)(y-Y2)(y-Y3)
x=f(X) =(y-Y)y-Y)y-Y)Xo+(y-Y)(y-Y )Y-Y)- X1
0 1 0 2 0 3 1 0 1 2 1 3
+( Y=Yo)(Y=Y1)(Y=Ys) Y=Yo)(Y=y1) (Y=Y)
. X X3
(y2-yo)(y2-y1)(y2-y3) (y3-yo)(y3—y1)(y3-y2)
=(15-13)1(15-14)(15-16) x5+(15-12)1(15-14)(15-16) x6
(13-13)(12-14)(12-16) (13-12)(13-14)(13-16)

+(15-12)1(15-13)(15-16) x 9-+(15-12)1(15-13)(15-14)x 11
- 12)(14-13)(14-16)(16-12)(16-13)(16-16)(14

=2x1x(=1) x5+ 3x1x(=1) x6r  3x2x(=1)  x9+ 3Ix2x1  x11
(-1)x(-2)x(-4) Ix(-1)x(=3) 2x1x(-2) 4x3x2
5 .27 1
S 4 =1.25 -6 +13.5+2.75=17.5-6 =11.5
424
Assignment
1. Findacubicpolynomialwhichtakesthefollowingvalues
X 0 1 2 3
f(x) 1 2 1 10
2. Giventhevalues
X 5 7 11 13 17

y  150392145223665202

Evaluateysusinglagrange’sformula.
3. Givensin 45°=0.7071, sin 50° =0.7660, sin 55° =0.8192andsin 60°=0.8660. Find sin 52°

usingNewton’sforwardinterpolationformula.

rrr
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CHAPTER-6

NUMERICALSOLUTIONOFEQUATION

Anexpressionoftheform

f(x)=aox"+ax" 1+ ............... +an-1X+an
whereao,a1,az, ........... an'Oareconstantandnisapositiveintegeriscalledapolynomial
inxofdegreen.

Thepolynomialf(x)=0

Forexample (1)2x%+x?— 13x+6=0
(2)x*-4x+9=0

arecalledalgebraicequation.

Transcendentalequation-

If f(x) is afunctions other than algebraic function such as trigonometric,
logarithmic,exponentialetc.then f(x)iscalled transcendentalfunction.

Rootofanequation-
Thevalueofxwhichsatisfiedf(x)=0iscalledtherootoftheequation.
Geometrically a rootofthe equation f(x) = 0&y=0is thevalueof xwherethe graph meet the
y-axis.

Solutionof anequation-
Theprocessoffindingarootofanequationisknownasthesolutionofanequation.
Differentmethodstosolvetheequations.

(@ Analyticalmethod

(b) Graphicalmethod

(c) Numericalmethod

Limitationofanalyticalmethod

Thismethodsproduceveryexactandaccurateresults.Butitfails inmanycasessuch as it fails
tofind roots of transcendentalequation.

Limitationofgraphicalmethod-
Thismethodsaresimplebutthesemethodsproduceresulttoalowdegreeaccuracy.
AdvantagesofNumericalmethod—

This methods are often of a repetitive nature. These consist in repeated execution of the
same process. Where each step the result of proceeding step is used. This is known as
iterationprocessand is repeated till the result isobtained to a desired degree of accuracy.
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Thefollowings are some Numericalmethods to find rootof algebraic and
transcendental equation —

(1) Bisectionmethod
(2) Newton-Raphsonmethod
Bisectionmethod:

Thismethodconsistsoflocatingarootoftheequationf(x)=0betweenaandb.Iff(x) is continuous
between a and b, and f(a) and f(b) are of opposite signs then there is a root
betweenaandb.fromthegraphf(a)isnegativeandf(b)ispositivethenthereisaroot
Iiesbetweenaandb.Thefiritapproximationtotherootis

x1=_(a+h) 2
y
F
/
;*“
£
4
¥
a X F N
0 J_f XX 1b
. rd
T P_I

if f (x) = 0, then x; is the root of equation f(x) = 0. Otherwise the root lies
betweenaandx; orx;andbaccordingtof(x, ) ispositiveornegative. Thenwebisecttheinterval
andcontinuetheprocess untilthe rootisfoundtodesired accuracy.

Inthefig.1f(x1) is+ve§oth§rootliesbetweenaandx1.Thenthe2“dapproximation

totherootis  x2 =2 ( + 1).Iff(x)is—ve,therootlieshetween x andx.Sothethird
2 1 | 2
I _ 1
approximationtotherootisxs= _( x1+x2) and so on. 2
Example-1:

(@) Findarootoftheequation
x3—4x-9=0usingthebisectionmethodcorrecttothreedecimalplaces.
Solution: 2 25 2625 275 3,
f(2)=—ve f25=—ve [f(2.75= ve [f(3)=+ve

Let f(x)=x>-4x-9
f(2)=(2)*-4(2)-9=—9(~ve)
f(3)=(3)*-4(3)-9=6(+ve)

arootliesbetween2and3.
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FirstapproximatetoTerootis
xi=_(2+3)=2.5
2
f(x1)=(2.5)°~4(2.5)-9=—3.375(-ve)
therootliesbetweenxlan]ciIB.Theseciondapproximationtotherootis
x2= (x1+3)= (2.5+3)=2.75
2 2
f(x2)=(2.75)%-4(2.75)-9=0.7969(+Ve)
the root lies between 2.5 and 2.75
1
Soxs=2(2.5+2.75)=2.625
f(2.625)=(2.625)°~4(2.625)-9=-1.4121(-ve)
therootliesbetween2.625and2.75.
1
x4=2(2.625+2.75)=2.6875
Repeatingthisprocess,thesuccessiveapproximationare
X5=2.71875,x6=2.70313,x7=2.71094,x8=2.70703,x9=2.70508,
X10=2.70605,x11=2.70654,x12=2.70642.Hencetherootis2.7064.
Example-2:

Find the rootof the equationxlog;ox = 1.2which lies between 2 and 3,using bisection method
taking 2 stages.

Solution:
Letf(x)=xlogiox—1.2=2%log102-1.2
=2x.3010-1.2=-0.5979(-ve)
f(3)=3xlog10x—1.2=0.2314(+ve)
therootliesbetween2and3

1

x=2(2+3)=2.5

f (2.5)=2.5(l0g102.5)-1.2=-0.205(-ve)
therootliesbetween2.5and3

1
x:=2(2.5+3)=2.75
Hencetherootis2.75.
Example-3:
1

By using the bisection method, find an approximate root of the equation sin x = X ,that a

lies between x =1and x =1.5(measuredin radians). Carry out computations upto the 7th
stage.




EngineeringMathematics—III

Solution.
Letf(x)=xsinx—1.WeknowthatVV=57.3°
Since f (1)=1 xsin(1)-1=sin(57.3%°)-1=-0.15849
and f(1.5)= 1.5xsin(1.5)"-1=1.5xsin (85.95)°-1=0.49625;

arootliesbetweenlandl.5.
1

\firstapproximationtotherootisx1:2(1+1.5)_:1.25.
Thenf(x;)=(1.25)sin(1.25)-1=1.25sin(71.625°)-1=0.18627andf(1)<0.
\arootliesbetweenlandx;=1.25.

1
Thusthesecond approximationtotheroot isx,=2(1+1.25)=1.125.
Thenf(x,)=1.125sin(1.125)-1=1.125sin(64.46)°-1=0.01509andf(1)<0.
\arootliesbetweenlandx,—1.125.

1
Thusthethirdapproximationtotherootisxs=2(1+1.125)=1.0625
Thenf(x3)=1.0625sin(1.0625)—-1=1.0625sin(60.88)-1=-0.0718<
Oandf(x2)>0,i.e.nowtherootliesbetweenx4=1.0625andx2=1.125.

1
\ fourth approximation to the rootis x4 =2(1.6625 +1.125) = 1.09375 Then

f(x4) =—0.02836 < 0 and f(x2)> O,

i.e.,therootlieshetweenx,=1.09375andx,=1.125.
1

\ fifth approximation to the rootis xs =2(1.69375 +1.125) = 1.10937

Then f (x5) = — 0.00664< 0 andf (x2) > 0.

\therootliesbetweenxs=1.10937andx,=1.125.
Thusthesixthapproximationtotherootis

1
x6=2(1.10937+1.125)=1.11719

Thenf(x6)=0.00421>0.Butf(x5)<O0.
\therootlieshetweenxs=1.10937andxg=1.11719.

1

Thusthe seventhapproximationtotheroot is x7=2(1.16937+1.11719)=
1.11328Hence thedesiredapproximationtotherootis 1.11328.
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I\y
A(Xo,f (Xo)
X= £z
: L X X
Inthismethod,insteadoftakingtwoinitial roughapproximationstotherootx=aasin

theprevioustwomethods,asingleroughapproximationxototherootistaken. Thenweuse
thefollowingformula,knownasNewton-RaphsonformulaorNewtoniterationformula,to  get  the
successive approximations.

f(xn)
Xn+1=Xn—fi(x) cen (1)
Puttingn=0,1,2,.......cccev... etc. intheabove formula (1),weget the first, second, third
approximations as follows.
f(xo)
X1=Xo—f1( x)
f(x1

x2=x1— f(X)
1

f(x2)

x3=x2— f1( x)
2
Thismethodisuseful incasesof largevaluesoff!(x)i.e.,when the graphof f (x)while crossing the
x-axis is nearly vertical.

Theprocessof findingsuccessiveapproximationsto theroot(i.e.,xs,X,, Xsetc.) may be
continuedtill the rootisfound to desireddegreeof accuracy.

Example—4:
FindbyNewton’smethod,arootoftheequationx®-3x+1=0correctto3decimalplaces.
Solution:
Let f(X)=x3-3x+1
f(1)-1-3+1=-1
f(2)=2°-3.2+1=8-6+1=3
PTherootoff(x)liesbetween1&2
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Letx=1.5,Alsof(x)=3x>-3
0 1

Newton’sformulagives 3
f(x) —x (x°-3x+1)

L L B
w1 o0 T (X) n ASK]
_3x3-3x-3x3+3x-1_2x>-1
3x%-3 3x%*-3 (1)
Puttingn=0in(i),thefirstapproximationx;isgivenby
3 3
XFZXO -1 =2><(1.5) -1 _2x3.375-1 _5.75 ~1533
3xX—3 3x(15) -3 3x225-3 375
Puttingn=1in(i),thesecondapproximationx,isgivenby
3_ 3_ _ _
&:le n1=2><(1.533) 1;2><3.6026 1:6.2052:1.532 3x4—3
3% (1.5633)-3 3x235-3 4.05
Example-5:
FindtheNewton’smethod,therealrootoftheequation3x=cosx+1
Solution:
Let f(x)=3x—cosx—1

f(0) =2=-ve,f(1)=3 —0.5403-1 =1.4597++ve

So a rootof f(x) =O0lies between Oand 1. It is nearer tol.Let us take xo=0.6. Also f

(x) =3 +sinx
\Newton’siterationformulagives
f(x ) _
X  =X— n 7 =X—3Xn—COSXn—1=XnSINXn+COSXn +1
Lo f(Xn) n 3+sinXn 3+sinXn (1)

Puttingn=0,thefirstapproximationx; isgivenby

Xx=X0SiNXo+c0sX0+1=(0.6)sin(0.6)+c0s(0.6)+1
! 3+sinxo 3sin(0.6)

-0.6x0.5729+0.82533+1_0 6071

3+0.5729
Puttingn=1in(i),thesecondapproximationis

X=X15inX1+c0sx1+1=0.6071sin(0.6071)+cos(0.6071)+1
2 3+sin x1 3+sin(0.6071)

:0.6071X0.57049+0.82 13+1:0. 6071CIearIy X=X,

2
3+0.57049 !

Hencethedesiredrootis0.6071correcttofourdecimalplaces.
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Assignment

1.  Find aroot of the following equations, using the bisection method correct to
threedecimal places.

(@) x*x-11=0
(b) x*-x-10=0

2. Find by Newton-Raphsonmethod, arootof the followingequations correctto 3decimal
places.

(a) x*-3x+1=0
(b) 3x*-9x*+8=0
3. UsingNewton-Raphsonmethodtoevaluatethefollowing

1
@ 732 (b) Va1
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